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STABILITY CONDITIONS UNDER THE FOURIER-MUKAI
TRANSFORMS ON ABELIAN THREEFOLDS
DULIP PIYARATNE
Abstract. We realize explicit symmetries of Bridgeland stability conditions on any abelian
threefold given by Fourier-Mukai transforms. In particular, we extend the previous joint
work with Maciocia to study the slope and tilt stabilities of sheaves and complexes under
the Fourier-Mukai transforms, and then to show that certain Fourier-Mukai transforms give
equivalences of the stability condition hearts of bounded t-structures which are double tilts
of coherent sheaves. Consequently, we show that the conjectural construction proposed by
Bayer, Macr`ı and Toda gives rise to Bridgeland stability conditions on any abelian threefold
by proving that tilt stable objects satisfy the Bogomolov-Gieseker type inequality. Our
proof of the Bogomolov-Gieseker type inequality conjecture for any abelian threefold is a
generalization of the previous joint work with Maciocia for a principally polarized abelian
threefold with Picard rank one case, and also this gives an alternative proof of the same
result in full generality due to Bayer, Macr`ı and Stellari. Moreover, we realize the induced
cohomological Fourier-Mukai transform explicitly in anti-diagonal form, and consequently,
we describe a polarization on the derived equivalent abelian variety by using Fourier-Mukai
theory.
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1.1. Bridgeland stability conditions on threefolds. Motivated by Douglas’s work on Π-
stability for D-branes on Calabi-Yau threefolds (see [Dou]), Bridgeland introduced the notion
of stability conditions on triangulated categories (see [Bri1]). Bridgeland’s approach can be
interpreted essentially as an abstraction of the usual slope stability for sheaves. From the
original motivation, construction of Bridgeland stability conditions on the bounded derived
category of a given projective threefold is an important problem. However, unlike for a
projective surface, there is no known construction which gives stability conditions for all
projective threefolds. See [Huy3, MS] for further details.
The category of coherent sheaves does not arise as a heart of a Bridgeland stability condition
for higher dimensional smooth projective varieties (see [Tod, Lemma 2.7]). So more work is
needed to construct the hearts for stability conditions on projective varieties of dimension
above one. In general, when Ω is a complexified ample class on a projective variety X (that
is Ω = B+ i
√
3αH for some B,H ∈ NSR(X) with ample class H, and α ∈ R>0), it is expected
that
(1) ZΩ(−) = −
∫
X
e−Ω ch(−)
defines a central charge function of some stability condition on X (see [BMT, Conjecture
2.1.2]). In [BMT], the authors conjecturally construct a heart for this central charge function
by double tilting coherent sheaves on X. The first tilt of Coh(X) associated to the Harder-
Narasimhan filtration with respect to the slope stability, is denoted by
BΩ = 〈FΩ[1],TΩ〉.
They proved that abelian category BΩ of two term complexes is Noetherian, and furthermore,
they introduced the notion of tilt slope stability for objects in BΩ. The conjectural stability
condition heart
AΩ = 〈F ′Ω[1],T ′Ω〉
is the tilt of BΩ associated to the Harder-Narasimhan filtration with respect to the tilt
slope stability. It was shown in [BMT] that the pair (ZΩ,AΩ) defines a Bridgeland stability
condition on X if and only if any E ∈ BΩ tilt slope stable object with zero tilt slope satisfies
ReZΩ(E[1]) < 0. Moreover, they proposed the following strong inequality for tilt stable
objects with zero tilt slopes, and this is now commonly known as the Conjectural Bogomolov-
Gieseker Type Inequality :
chB3 (E) −
1
6
α2H2 chB1 (E) 6 0.
Here chB(E) = e−B ch(E) is the twisted Chern character.
This conjecture has been shown to hold for all Fano threefolds with Picard rank one (see
[BMT, Mac, Sch1, Li]), abelian threefolds (see [MP1, MP2, Piy1, BMS]), e´tale quotients of
abelian threefolds (see [BMS]), some toric threefolds (see [BMSZ, Theorem 5.1]) and threefolds
which are products of projective spaces and abelian varieties (see [Kos]). Recently, Schmidt
found a counterexample to the original Bogomolov-Gieseker type inequality conjecture when X
is the blowup at a point of P3 (see [Sch2]). Therefore, this inequality needs some modifications
in general setting and this was discussed in [Piy3, BMSZ].
1.2. Bridgeland Stability under Fourier-Mukai transforms. The notion of Fourier-
Mukai transform (FM transform for short) was introduced by Mukai in early 1980s (see
[Muk2]). In particular, he showed that the Poincare´ bundle induces a non-trivial equivalence
between the derived categories of an abelian variety and its dual variety. Furthermore, he
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studied certain type of vector bundles on abelian varieties called semihomogeneous bundles,
and moduli of them (see [Muk1]). In particular, the moduli space parametrizing simple
semihomogeneous bundles on an abelian variety Y with a fixed Chern character is also an
abelian variety, denoted by X. Moreover, the associated universal bundle E on X× Y induces
a derived equivalence ΦX→YE from X to Y, which is now commonly known as the Fourier-Mukai
transform.
Action of the Fourier-Mukai transformΦX→YE induces stability conditions onD
b(Y) from the
ones onDb(X). This can be defined via the induced map on Hom(K(Y),C) from Hom(K(X),C)
by the transform. More precisely, if (Z,A) is a stability condition on Db(X) then
ΦX→YE · (Z, A) := (ΦX→YE · Z, ΦX→YE (A))
defines a stability condition on Db(Y), where ΦX→YE · Z(−) = Z
((
ΦX→YE
)−1
(−)
)
. For abelian
varieties we view this as
(2) ΦX→YE · ZΩ = ζZΩ ′
for some ζ ∈ C \ {0}, where Ω,Ω ′ are complexified ample classes on X,Y respectively. When
ζ is real, one can expect that the Fourier-Mukai transform ΦX→YE gives an equivalence of some
hearts of particular stability conditions on X and Y, whose Ω and Ω ′ are determined by
Im ζ = 0.
In particular, we prove the following for abelian threefolds:
Theorem 1.1. The Fourier-Mukai transform ΦX→YE : D
b(X) → Db(Y) between the abelian
threefolds gives the following symmetries of Bridgeland stability conditions:
ΦX→YE [1] · (ZΩ, AΩ) = (ζZΩ ′, AΩ ′)
for some ζ ∈ R>0, and complexified ample classes Ω,Ω ′ on X,Y respectively. Here AΩ,AΩ ′
are the double tilted stability condition hearts as in the construction of [BMT], and ZΩ,ZΩ ′
are the central charge functions as defined in (1).
The analogous result of the above theorem for abelian surfaces holds due to Huybrechts
and Yoshioka and see [Huy2, Yos] for further details.
1.3. Main ingredients.
1.3.1. Fourier-Mukai theory and polarizations. The Fourier-Mukai transformΦX→YE : D
b(X)→
Db(Y) between the abelian varieties induces a linear isomorphism ΦHE from H
2∗
alg(X,Q) to
H2∗alg(Y,Q), called the cohomological Fourier-Mukai transform. In this article, we realize this
linear isomorphism in anti-diagonal form with respect to some twisted Chern characters (see
Theorem 3.6). Furthermore, we prove the following.
Theorem 1.2 (= 3.4). If the ample line bundle L defines a polarization on X, then the line
bundle det(Ξ(L))−1 is ample and so it defines a polarization on Y. Here Ξ is the Fourier-Mukai
functor from Db(X) to Db(Y) defined by
Ξ = E∗{a}×Y ◦ΦX→YE ◦ E∗X×{b},
where a,b are any two points on X,Y respectively; and E∗
{a}×Y denotes the functor E
∗
{a}×Y⊗(−)
and similar for E∗X×{b}.
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This theorem generalizes similar results for abelian surfaces (see [Yos, Section 1.3]) and
for all abelian varieties with respect to the classical Fourier-Mukai transform with kernel the
Poincare´ bundle (see [BL]).
1.3.2. Stability under Fourier-Mukai transforms. The main goal of this paper is to prove
Theorem 1.1, and for that we need to establish the corresponding equivalence of the double tilt
stability condition hearts on the abelian threefolds. This is a generalization of the main results
in [MP1, MP2, Piy1]. More specifically, we extend many techniques in [MP1, MP2, Piy1] on
a principally polarized abelian threefold with Picard rank one to a general abelian threefold.
In Section 6, we study the behavior of slope stability of sheaves under the Fourier-Mukai
transform ΦX→YE on any abelian varieties. In Section 7 we establish the analogous result
of Theorem 1.1 for abelian surfaces, and our main aim is to get some familiarization with
Fourier-Mukai techniques to prove our main theorem. Here we closely follow the proof of
Yoshioka in [Yos].
Understanding the homological Fourier-Mukai transform for abelian threefolds is central
to this paper. In Sections 8 and 9, we study the slope stability of sheaves under the Fourier-
Mukai transforms. In particular, at the end of Section 9, we prove that
ΦX→YE (TΩ) ⊂ 〈BΩ ′ ,BΩ ′ [−1],BΩ ′ [−2]〉
ΦX→YE (FΩ) ⊂ 〈BΩ ′ [−1],BΩ ′ [−2],BΩ ′ [−3]〉
}
.
From the definition of the first tilt, we have that the images under the Fourier-Mukai transform
ΦX→YE of the objects in the abelian category BΩ have non-zero cohomologies with respect to
BΩ ′ only in positions 0, 1 and 2. We prove a similar result for the Fourier-Mukai transform
ΦY→X
E∨
[1] : Db(Y) → Db(X). That is
ΦX→YE (BΩ) ⊂ 〈BΩ ′ ,BΩ ′ [−1],BΩ ′ [−2]〉〉
ΦY→X
E∨
[1] (BΩ ′) ⊂ 〈BΩ,BΩ[−1],BΩ[−2]〉
}
.
Since we have the isomorphismsΦY→X
E∨
[1]◦ΦX→YE ∼= [−2] andΦX→YE ◦ΦY→XE∨ [1] ∼= [−2], the abelian
categories BΩ and BΩ ′ behave somewhat similarly to the category of coherent sheaves on
an abelian surface under the Fourier-Mukai transforms. Finally, in Section 11, we study the
behavior of tilt stability under the Fourier-Mukai transforms. In particular, we prove that
ΦX→YE
(
T ′Ω
) ⊂ 〈F ′Ω ′ ,T ′Ω ′ [−1]〉
ΦX→YE
(
F ′Ω
) ⊂ 〈F ′Ω ′ [−1],T ′Ω ′ [−2]〉
}
,
and similar results for ΦY→X
E∨
[1]. From the definition of the second tilt, we have the following:
Theorem 1.3. The derived equivalences ΦX→YE and Φ
Y→X
E∨
give the equivalences of the double
tilted hearts
ΦX→YE [1] (AΩ)
∼= AΩ ′ , and Φ
Y→X
E∨
[2] (AΩ ′) ∼= AΩ.
1.3.3. Bogomolov-Gieseker type inequality for abelian threefolds. For a given smooth pro-
jective threefold X, let MΩ be the class of tilt stable objects E with zero tilt slope and
Ext1X(Ox,E) = 0 for all x ∈ X. In Lemma 2.16, we see that the objects in MΩ[1] are minimal
objects (also called simple objects in the literature) in AΩ. Moreover, due to Lemma 2.22,
we only need to check the Bogomolov-Gieseker type inequalities for tilt stable objects in MΩ.
Minimal objects of the abelian subcategories AΩ are sent to minimal objects of AΩ ′ under
the Fourier-Mukai transform ΦX→YE [1]. This enables us to obtain an inequality involving the
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top part of the Chern character of minimal objects in these abelian categories. This is exactly
the Bogomolov-Gieseker type inequality for tilt stable objects in MΩ. Therefore, we have the
following:
Theorem 1.4 (=5.5). Any tilt stable object with zero tilt slope satisfies the strong Bogomolov-
Gieseker type inequality for any abelian threefold.
Theorems 1.3 and 1.4 together with the double tilting construction in [BMT] proves The-
orem 1.1.
1.4. Higher dimensional abelian varieties. In Section 4.3, for any abelian variety we
conjecturally construct a heart for the central charge function (1), by using the notion of
very weak stability condition (see Conjecture 4.3). This essentially generalizes the single
tilting construction due to Bridgeland and Arcara-Bertram for surfaces ([Bri2, AB]), and the
conjectural double tilting construction due to Bayer-Macr`ı-Toda for threefolds ([BMT]).
By considering the complexified ample classes Ω and Ω ′ determined by Im ζ = 0 in (2),
we formulate the following for the Fourier-Mukai transform ΦX→YE .
Conjecture 1.5 (=4.5). The Fourier-Mukai transform ΦX→YE : D
b(X) → Db(Y) gives the
equivalence of stability condition hearts conjecturally constructed in Conjecture 4.3:
ΦX→YE [k] (A
X
Ω) = A
Y
Ω ′ .
Here Ω = −DX + λe
ikπ/g ℓX and Ω
′ = DY − (1/λ)e−ikπ/g ℓY are complexified ample classes
on X and Y respectively, for any k ∈ {1, 2, . . . , (g − 1)} and any λ ∈ R>0.
1.5. Relation to the existing works.
1.5.1. Relation to [MP1, MP2, Piy1]. As mentioned before, this paper generalizes previous
work [MP1, MP2, Piy1] on a principally polarized abelian threefold with Picard rank one
to any abelian threefold. Moreover, many proofs in this paper are adopted from that of the
similar results in those works. Also for the completeness and for the convenience of the reader,
we give almost all the proofs relevant to general abelian threefolds. In particular, we extend
the proof of the Bogomolov-Gieseker type inequality conjecture in [MP1, MP2, Piy1] for any
abelian threefold by using the Fourier-Mukai theory.
Let us highlight the connections of the notations in this paper with the notations in [MP1,
MP2, Piy1]. Suppose X is a principally polarized abelian threefold with Picard rank one.
Let ℓX ∈ NS(X) be the corresponding principal polarization, and so ℓ3X/6 = 1. The twisted
Chern character of any E ∈ Db(X) is of the form chB(E) = (a0,a1ℓX,a2ℓ2X/2,a3ℓ3X/6) for some
ai ∈ Q when B is a rational class, and in [MP1, MP2, Piy1] the authors simply denote such
Chern characters in vector form
(3) (a0,a1,a2,a3) ∈ Q4.
They consider the twisted slope function on Coh(X) defined by a1/a0, and study the slope
stability of sheaves under the Fourier-Mukai transforms on X. Moreover, they consider the
tilt slope defined in terms of a0, a1 and a2, and study the tilt stability of complexes in the
first tilted hearts under the Fourier-Mukai transforms. In this paper we are interested in the
twisted slope functions and also tilt slope functions defined with respect to the numerology
in the vector
vB,ℓX(E) = (ℓ3X ch
B
0 (E), ℓ
2
X ch
B
1 (E), 2ℓX ch
B
2 (E), 6 ch
B
3 (E)).
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Here ℓX is any ample class in NSQ(X). Now one can see that for the principally polarized
abelian threefold with Picard rank one case,
vB,ℓX(E) = 6(a0,a1,a2,a3),
that is a fixed scalar multiple of the vector in (3).
1.5.2. Relation to other works. The main results in this paper were summarized in the au-
thor’s article [Piy2] for the Proceedings of Kinosaki Symposium on Algebraic Geometry 2015.
In [BMS], the authors establish the Bogomolov-Gieseker type inequality conjecture for any
abelian threefold by extensive use of the multiplication map x 7→ mx on abelian threefolds.
In [Yos], Yoshioka studied the behavior of slope stability under the Fourier-Mukai transform
on abelian surfaces. Moreover, he established the claim in Conjecture 1.5 for abelian surfaces
using Fourier-Mukai theory, however, this is firstly known due to Huybrechts ([Huy2]).
In a forthcoming article we use the main result of this paper (Theorem 1.1) to prove the
full support property and to study the stability manifold of any abelian threefold.
1.6. Notation.
• When A is the heart of a bounded t-structure on a triangulated category D, by HiA(−) we
denote the corresponding i-th cohomology functor.
• For a set of objects S ⊂ D in a triangulated category D, by 〈S〉 ⊂ D we denote its extension
closure, that is the smallest extension closed subcategory of D which contains S.
• Unless otherwise stated, throughout this paper, all the varieties are smooth projective and
defined over C. For a variety X, by Coh(X) we denote the category of coherent sheaves on
X, and by Db(X) we denote the bounded derived category of Coh(X). That is Db(X) =
Db(Coh(X)).
• For Db(X) we simply write Hi(−) for Hi
Coh(X)(−).
• For a variety X, by ωX we denote its canonical line bundle, and let KX = c1(ωX).
• For M = Q,R, or C we write NSM(X) = NS(X)⊗ZM.
• For 0 6 i 6 dimX, Coh6i(X) = {E ∈ Coh(X) : dimSupp(E) 6 i}, Coh>i(X) = {E ∈ Coh(X) :
for 0 6= F ⊂ E, dimSupp(F) > i} and Cohi(X) = Coh6i(X) ∩ Coh>i(X).
• For E ∈ Db(X), E∨ = RHom(E,OX). When E is a sheaf we write its dual sheaf H0(E∨)
by E∗.
• The structure sheaf of a closed subscheme Z ⊂ X as an object in Coh(X) is denoted by OZ,
and when Z = {x} for a closed point x ∈ X, it is simply denoted by Ox.
• ch6k = (ch0, ch1, . . . , chk, 0, . . . , 0), and ch>k = (0, . . . , 0, chk, chk+1, . . . , chn).
• For B ∈ NSR(X), the twisted Chern character chB(−) = e−B·ch(−). For ampleH ∈ NSR(X),
we define vB,H(E) = (H3 chB0 (E),H
2 chB1 (E), 2H ch
B
2 (E), 6 ch
B
3 (E)).
• The twisted slope on Coh(X) is defined by µH,B(E) = H
2 chB1 (E)
H3 ch0(E)
=
v
B,H
1 (E)
v
B,H
0 (E)
.
• Tilt slope on BH,B is defined by
νH,B,α(E) =
H chB2 (E) − (α
2/2)H3 ch0(E)
H2 chB1 (E)
=
v
B,H
1 (E) − α
2v
B,H
0 (E)
2vB,H1 (E)
.
• HNµH,B(I) = 〈E ∈ Coh(X) : E is µH,B-semistable with µH,B(E) ∈ I〉. Similarly, we define
HNνH,B(I) ⊂ BH,B.
• We denote the upper half plane {z ∈ C : Im z > 0} by H.
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• We will denote a g× g anti-diagonal matrix with entries ak, k = 1, . . . ,g by
Adiag(a1, . . . ,ag)ij :=
{
ak if i = k, j = g+ 1− k
0 otherwise.
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2. Preliminaries
2.1. Some homological algebra. A triangulated categoryD is an additive category equipped
with a shift functor, and a class of triangles, called distinguished triangles satisfying certain
axioms. We denote the shift functor by [1] : D → D, and write a distinguished triangle
as A → B → C → A[1]. The bounded derived categories of coherent sheaves on smooth
projective varieties are the most important examples of triangulated categories in this paper.
Definition 2.1. A t-structure on D is a pair of strictly full subcategories (D60,D>0) such
that, if we let D6n = D60[−n] and D>n = D>0[−n], for n ∈ Z, then we have
(i) D60 ⊂ D61, D>0 ⊃ D>1,
(ii) HomD(E, F) = 0 for E ∈ D60 and F ∈ D>1,
(iii) for any G ∈ D there exists a distinguished triangle E → G → F → E[1] such that
E ∈ D60 and F ∈ D>1.
The heart C of this t-structure is C = D60 ∩D>0. The t-structure is called bounded if⋃
n∈Z
D6n = D =
⋃
n∈Z
D>n.
It is known that the heart C is an abelian category, and also a bounded t-structure is
determined by its heart (see [Bri2, Lemma 3.1]). So we denote the i-th cohomology of E ∈ D
with respect to the t-structure (D60,D>0) by HiC(E).
If A→ B→ C→ A[1] is a distinguished triangle in D, then we have the exact sequence
· · · → Hi−1C (C)→ HiC(A)→ HiC(B)→ HiC(C)→ Hi+1C (A)→ · · ·
of cohomologies from C.
Let Db(A) be the bounded derived category of an abelian category A. Then the pair of
subcategories
Db(A)60 = {E ∈ Db(A) : HiA(E) = 0 for i > 0}
Db(A)>0 = {E ∈ Db(A) : HiA(E) = 0 for i < 0}
}
define a bounded t-structure on Db(A) and the corresponding heart is A. This is called the
standard t-structure on Db(A).
Let us discuss about the torsion theory of an abelian category. It provides a useful method,
called tilting, to construct interesting t-structures from the known ones. This was first intro-
duced by Happel, Reiten and Smalø in [HRS].
Definition 2.2. A torsion pair on an abelian category A is a pair of subcategories (T,F) of
A such that
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(i) HomA(T , F) = 0 for every T ∈ T, F ∈ F, and
(ii) every E ∈ A fits into a short exact sequence 0 → T → E → F → 0 in A for some
T ∈ T, F ∈ F.
Lemma 2.3 ([HRS, Proposition 2.1]). Let A be the heart of a bounded t-structure on a
triangulated category D and let (T,F) be a torsion pair on A. Then the full subcategory
defined by
B = {E ∈ D : HiA(E) = 0 for i 6= −1, 0, H−1A (E) ∈ F, H0A(E) ∈ T}
is the heart of bounded t-structure given by the pair of subcategories
D60 = {X ∈ D : HiA(E) = 0 for i > 0, H0A(E) ∈ T}
D>0 = {X ∈ D : HiA(E) = 0 for i < −1, H−1A (E) ∈ F}
}
.
The abelian subcategory B ⊂ D is usually called the tilt of A with respect to the torsion
pair (T,F) and we also write B = 〈F[1],T〉. The t-structures defined by the hearts A and B
give two different views for the objects in the triangulated category D.
The Grothendieck group K(A) of an abelian category A is the quotient of the free abelian
group generated by the classes [A] of objects A ∈ A modulo the relations given by [A]+ [C] =
[B] for every short exact sequences 0 → A → B → C → 0 in A. Similarly, the Grothendieck
group K(D) of a triangulated category D is the free abelian group generated by the classes [A]
of A ∈ D with the relations [A]+[C] = [B] for every distinguished triangles A→ B→ C→ A[1]
in D. If A is the heart of a bounded t-structure on D then K(D) = K(A). Moreover, when
A = Coh(X) for a variety X we write
K(X) = K(Coh(X)) = K(Db(X)).
2.2. Bridgeland stability on varieties. Let us introduce the notion of stability conditions
as in [Bri1]. Let A be an abelian category.
A group homomorphism Z : K(A)→ C is called a stability function (also known as central
charge function), if for all 0 6= E ∈ A, Z(E) ∈ H ∪ R<0.
The phase of 0 6= E ∈ A is defined by φ(E) = 1π argZ(E) ∈ (0, 1].
An object 0 6= E ∈ A is called (semi)stable, if for any 0 6= A  E in A, φ(A) < (6)φ(E/A).
A Harder-Narasimhan filtration of 0 6= E ∈ A is a finite chain of subobjects
(4) 0 = E0 ⊂ E1 ⊂ · · · ⊂ En−1 ⊂ En = E,
where factors Fk = Ek/Ek−1, k = 1, . . . ,n, are semistable in A with
φ(F1) > φ(F2) > · · · > φ(Fn−1) > φ(Fn).
The stability function Z satisfies the Harder-Narasimhan property for A, if such a filtration
exists for any non-trivial object in A.
When the Harder-Narasimhan property holds for A with respect to the stability function
Z, one can show that the filtration (4) is unique for a given E ∈ A.
Definition 2.4 ([Bri1, Proposition 5.3]). A stability condition on a triangulated category D is
given by a pair (Z,A), where A is the heart of a bounded t-structure on D and a Z : K(A)→ C
is stability function, such that the Harder-Narasimhan property holds for A with respect to
the stability function Z.
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Let X be a smooth projective variety and let Db(X) be the bounded derived category of
coherent sheaves on X. We are interested in stability conditions σ = (Z,A) on Db(X), where
the stability function Z : K(X) → C factors through the Chern character map ch : K(X) →
H2∗alg(X,Q). Such stability conditions are usually called numerical stability conditions.
A stability condition σ on Db(X) is called geometric if all the skyscraper sheaves Ox of
x ∈ X are σ-stable of the same phase. The following result gives some properties of geometric
stability conditions on varieties.
Proposition 2.5. Let X be a smooth projective variety of dimension n. Let σ = (Z,A) be
a geometric stability condition on Db(X) with all the skyscraper sheaves Ox of x ∈ X are
σ-stable with phase one. If E ∈ A then Hi(E) = 0 for i /∈ {−n+ 1,−n + 2, . . . , 0}.
Proof. The following proof is adapted from [Bri2, Lemma 10.1]. Let P be the corresponding
slicing of σ. Since A = P((0, 1]) and Coh0(X) ⊂ P(1), from the Harder-Narasimhan property,
we only need to consider E ∈ A such that HomX(Coh0(X),E) = 0. For any skyscraper sheaf
Ox of x ∈ X we have Ox[i] ∈ P(1 + i) and E[i] ∈ P((i, 1 + i]). Therefore, for all i < 0,
HomX(E,Ox[i]) = 0, and HomX(Ox,E[1 + i]) ∼= HomX(E,Ox[n − 1 − i])
∗ = 0. So by [BM,
Proposition 5.4], E is quasi-isomorphic to a complex of locally free sheaves of length n. This
completes the proof as required. 
When X is a smooth projective curve, the central charge function Z defined by Z(−) =
− deg(−) + i rk(−) together with the heart Coh(X) of the standard t-structure defines a
geometric stability condition on Db(X). However, for a smooth projective variety X with
dimX > 2, there is no numerical stability condition on Db(X) with Coh(X) as the heart of
a stability condition (see [Tod, Lemma 2.7] for a proof). In fact, for a smooth projective
surface X, when σ = (Z,A) is a geometric Bridgeland stability condition, the heart A is a tilt
of Coh(X) with respect to a torsion pair coming from the usual slope stability on Coh(X) (see
[Bri2, AB]).
2.3. Double tilting stability construction on threefolds. Let us briefly recall the con-
jectural construction of stability conditions on a given smooth projective threefold X as in-
troduced in [BMT].
Let H,B ∈ NSR(X) such that H an ample class. The twisted Chern character with respect
to B is defined by
chB(−) = e−B ch(−).
The twisted slope µH,B on Coh(X) is defined by, for E ∈ Coh(X)
µH,B(E) =
{
+∞ if E is a torsion sheaf
H2 chB1 (E)
H3 chB0 (E)
otherwise.
So we have µH,B+βH = µH,B − β.
We say E ∈ Coh(X) is µH,B-(semi)stable, if for any 0 6= F  E, µH,B(F) < (6)µH,B(E/F).
Definition 2.6. For E ∈ Db(X) we define
∆(E) = (ch1(E))
2 − 2 ch0(E) ch2(E) ∈ H4alg(X,Z),
∆H,B(E) = (H
2 chB1 (E))
2 − 2H3 ch0(E)H ch
B
2 (E).
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Lemma 2.7 (Bogomolov-Gieseker Inequality, [HL]). Let E be µH,B semistable torsion free
sheaf. Then it satisfies
H · ∆(E) > 0, and ∆H,B(E) > 0.
The Harder-Narasimhan property holds for µH,B stability on Coh(X). This enables us to
define the following slopes:
µ+H,B(E) = max
06=G⊆E
µH,B(G)
µ−H,B(E) = min
G(E
µH,B(E/G)

 .
Moreover, for a given interval I ⊂ R ∪ {+∞}, we define the subcategory HNµH,B(I) ⊂ Coh(X)
by
(5) HNµH,B(I) = 〈E ∈ Coh(X) : E is µH,B-semistable with µH,B(E) ∈ I〉.
The subcategories TH,B and FH,B of Coh(X) are defined by
TH,B = HN
µ
H,B((0,+∞]), FH,B = HNµH,B((−∞, 0]).
Now (TH,B,FH,B) forms a torsion pair on Coh(X) and let the abelian category
BH,B = 〈FH,B[1],TH,B〉 ⊂ Db(X)
be the corresponding tilt of Coh(X).
Let α ∈ R>0. Following [BMT], the tilt-slope νH,B,α on BH,B is defined by, for E ∈ BH,B
νH,B,α(E) =
{
+∞ if H2 chB1 (E) = 0
H chB2 (E)−(α
2/2)H3 ch0(E)
H2 chB1 (E)
otherwise.
In [BMT], the notion of νH,B,α-stability for objects in BH,B is introduced in a similar way
to µH,B-stability on Coh(X). Also it is proved that the abelian category BH,B satisfies the
Harder-Narasimhan property with respect to νH,B,α-stability. Then similar to (5) we define
the subcategory HNνH,B,α(I) ⊂ BH,B for an interval I ⊂ R∪ {+∞}. The subcategories T ′H,B,α
and F ′H,B,α of BH,B are defined by
T ′H,B,α = HN
ν
H,B,α((0,+∞]), F ′H,B = HNνH,B,α((−∞, 0]).
Then (T ′H,B,α,F
′
H,B,α) forms a torsion pair on BH,B, and let the abelian category
(6) AH,B,α = 〈F ′H,B,α[1],T ′H,B,α〉 ⊂ Db(X)
be the corresponding tilt.
Definition 2.8. The central charge ZH,B,α : K(X)→ C is defined by
ZH,B,α(−) =
∫
X
e−B−i
√
3αH ch(−).
In [BMT], authors made the following conjecture to construct stability conditions.
Conjecture 2.9 ([BMT, Conjecture 3.2.6]). The pair (ZH,B,α,AH,B,α) is a Bridgeland sta-
bility condition on Db(X).
FOURIER-MUKAI TRANSFORMS AND STABILITY CONDITIONS 11
Let us assume H,B ∈ NSQ(X) and α2 ∈ Q then similar to the proof of [BMT, Proposition
5.2.2] one can show that the abelian category AH,B,α is Noetherian. Therefore Conjecture 2.9
is equivalent to saying that any νH,B,α-stable object E ∈ BH,B with νH,B,α(E) = 0 satisfies
ReZH,B,α(E[1]) < 0.
See [BMT, Corollary 5.2.4] for further details.
Moreover in [BMT] they proposed the following strong inequality:
Conjecture 2.10 ([BMT, Conjecture 1.3.1]). Any νH,B,α stable objects E ∈ BH,B with
νH,B,α(E) = 0 satisfies the so-called Bogomolov-Gieseker Type Inequality:
chB3 (E) −
1
6
α2 chB1 (E) 6 0.
Since this stronger conjectural inequality implies the above weak inequality, Conjecture
2.10 implies Conjecture2.9.
2.4. Some properties of tilt stable objects and minimal objects. Let X be a smooth
projective threefold. We follow the same notations for tilt stability introduced in Section 2.3
for X.
Proposition 2.11 ([BMT, Lemma 3.2.1]). For any 0 6= E ∈ BH,B, one of the following
conditions holds:
(i) H2 chB1 (E) > 0,
(ii) H2 chB1 (E) = 0 and ImZH,B,α(E) > 0,
(iii) H2 chB1 (E) = ImZH,B,α(E) = 0, −ReZH,B,α(E) > 0 and E
∼= T for some 0 6= T ∈
Coh0(X).
Proposition 2.12 ([Piy3, Proposition 3.2]). Let E ∈ HNνH,B,α((−∞,+∞)). Then H−1(E) is
a reflexive sheaf.
Let us recall the following slope bounds from [PT] for cohomology sheaves of complexes in
the abelian category BH,B.
Proposition 2.13. Let E ∈ BH,B. Then we have the following:
(1) if E ∈ HNνH,B,α((−∞, 0)), then H−1(E) ∈ HNµH,B((−∞,−α));
(2) if E ∈ HNνH,B((0,+∞)), then H0(E) ∈ HNµH,B((α,+∞]); and
(3) if E is tilt semistable with νH,B,α(E) = 0, then
(i) H−1(E) ∈ HNµH,B((−∞,−α]) with equality µH,B(E−1(E)) = −α holds if and only
if H2 chB−αH2 (H
−1(E)) = 0, that is when ∆H,B(H
−1(E)) = 0, and
(ii) whenH0(E) is torsion free H0(E) ∈ HNµH,B([α,+∞)) with equality µH,B(H0(E)) =
α holds if and only if H2 chB+αH2 (H
0(E)) = 0, that is when ∆H,B(H
0(E)) = 0.
(4) Let E be νH,B,α-stable with νH,B,α(E) = 0. Then
H2 chB+αH1 (E) > 0, and H
2 chB−αH1 (E) > 0.
Proof. (1), (2) and (3) follows from t = 0 case of [PT, Proposition 3.13]. (4) follows from (3)
or from t = 0 case of [Piy3, Proposition 3.6]. 
First we recall the definition of a minimal object in an arbitrary abelian category.
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Definition 2.14. Let C be an abelian category. Then a non-trivial object A ∈ C is said to
be a minimal object if 0 → E → A → F → 0 is a short exact sequence in C then E ∼= 0 or
F ∼= 0. That is, A ∈ C is minimal when A has no proper subobjects in C.
Definition 2.15. Let MH,B,α be the class of all objects E ∈ BH,B,α such that
(i) E is νH,B,α-stable,
(ii) νH,B,α(E) = 0, and
(iii) Ext1X(Ox,E) = 0 for any skyscraper sheaf Ox of x ∈ X.
Lemma 2.16 ([MP1, Lemma 2.3]). The following objects are minimal in AH,B,α:
(i) the skyscraper sheaves Ox of any x ∈ X, and
(ii) objects which are isomorphic to E[1], where E ∈MH,B,α.
Proposition 2.17 ([BMT, Proposition 7.4.1]). Let E be a µH,B-stable locally free sheaf on X
with ∆H,B(E) = 0. Then either E or E[1] in BH,B is νH,B,α-stable.
Example 2.18. Let L be a line bundle on the smooth projective threefold X. Let D = c1(L).
By direct computation we have ∆H,D±αH(L) = 0 for any α > 0. So by Proposition 2.17,
L ∈ BH,D−αH and L[1] ∈ BH,D+αH are tilt stable objects. Moreover, one can check that
νH,D−αH,α(L) = 0 and νH,D+αH,α(L[1]) = 0. So by Lemma 2.16,
L[1] ∈ AH,D−αH,α, and L[2] ∈ AH,D+αH,α
are minimal objects.
Example 2.19. Let X be an abelian threefold. Let ℓX ∈ NSQ be an ample class. From
Lemma 2.24–(2), for any D ∈ NSQ(X) there exists stable semihomogeneous bundles E on X
with
D = c1(E)/ rk(E).
Moreover, ch(E) = rk(E)eD. By direct computation one can check that ∆ℓX,D+±αℓX(E) = 0
for any α > 0. So by Proposition 2.17, E ∈ BℓX,D−αℓX and E[1] ∈ BℓX,D+αℓX are tilt stable
objects. Moreover, one can check that νℓX,D−αℓX,α(E) = 0 and νℓX,D+αℓX,α(E[1]) = 0. So by
Lemma 2.16,
E[1] ∈ AℓX,D−αℓX,α, and E[2] ∈ AℓX,D+αℓX,α
are minimal objects.
Note 2.20. The tilt stable objects associated to minimal objects in Examples 2.18 and 2.19
clearly satisfy the corresponding Bogomolov-Gieseker type inequalities in Conjecture 2.10.
Let us reduce the requirement of Bogomolov-Gieseker type inequalities to the tilt stable
objects in MH,B,α (see Definition 2.15). First we need the following proposition.
Proposition 2.21 ([LM, Proposition 3.5]). Let 0 → E → E ′ → Q → 0 be a non splitting
short exact sequence in BH,B with Q ∈ Coh0(X), HomX(Ox,E ′) = 0 for any x ∈ X, and
H2 chB1 (E) 6= 0. If E is νH,B,α-stable then E ′ is νH,B,α-stable.
Lemma 2.22 ([MP1, Proposition 2.9]). Let E ∈ BH,B be νH,B,α stable with νH,B,α(E) = 0.
Then there exists E ′ ∈MH,B,α (that is E ′[1] is a minimal object in AH,B,α) such that
0→ E→ E ′ → Q→ 0
is a short exact sequence in BH,B for some Q ∈ Coh0(X).
Since we have chB3 (Q)−
1
6
α2 chB1 (Q) = ch3(Q) > 0, E satisfies the Bogomolov-Gieseker type
inequality in Conjecture 2.10 if E ′ ∈MH,B,α satisfies the corresponding inequality.
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2.5. Fourier-Mukai theory. Let us quickly recall some of the important notions in Fourier-
Mukai theory. Further details can be found in [Huy1].
Let X,Y be smooth projective varieties and let pi, i = 1, 2 be the projection maps from
X × Y to X and Y, respectively. The Fourier-Mukai functor ΦX→YE : Db(X) → Db(Y) with
kernel E ∈ Db(X× Y) is defined by
ΦX→YE (−) = Rp2∗(E
L⊗ p∗1(−)).
Let EL = E
∨
L⊗ p∗2ωY [dim Y], and ER = E∨
L⊗ p∗1ωX [dimX]. We have the following
adjunctions (see [Huy1, Proposition 5.9]):
ΦY→XEL ⊣ ΦX→YE ⊣ ΦY→XER .
When ΦX→YE is an equivalence of the derived categories, usually it is called a Fourier-Mukai
transform. On the other hand by Orlov’s Representability Theorem (see [Huy1, Theorem
5.14]), any equivalence between Db(X) and Db(Y) is isomorphic to a Fourier-Mukai transform
ΦX→YE for some E ∈ Db(X× Y).
Any Fourier-Mukai functorΦX→YE : D
b(X)→ Db(Y) induces a linear mapΦHE : H2∗alg(X,Q)→
H2∗alg(Y,Q), usually called the cohomological Fourier-Mukai functor, and it is a linear isomor-
phism when ΦX→YE is a Fourier-Mukai transform. The induced transform fits into the following
commutative diagram, due to the Grothendieck-Riemann-Roch theorem.
Db(X)
[−]

ΦX→YE // Db(Y)
[−]

K(X)
vX(−)

ΦKE // K(Y)
vY(−)

H2∗alg(X,Q)
ΦHE // H2∗alg(Y,Q)
Here vZ(−) = ch(−)
√
tdZ is the Mukai vector map, where ch : K(Z) → H2∗alg(Z,Q) is the
Chern character map and tdZ is the Todd class of Z.
Let v ∈ H2∗alg(X,Q) be a Mukai vector. Then v =
∑dimX
i=0 vi for vi ∈ H2ialg(X,Q) and the
Mukai dual of v is defined by v∨ =
∑dimX
i=0 (−1)
ivi. A symmetric bilinear form 〈−,−〉X called
Mukai pairing is defined by the formula
〈v,w〉X = −
∫
X
v∨ ·w · ec1(X)/2.
Note that for an abelian variety X, tdX = 1 and c1(X) = 0. Hence the Mukai vector v(E)
of E ∈ Db(X) is the same as its Chern character ch(E).
Due to Mukai and Ca˘lda˘raru-Willerton, for any u ∈ H2∗alg(Y,Q) and v ∈ H2∗alg(X,Q) we have
(7)
〈
ΦHEL(u) , v
〉
X
= 〈u , ΦHE(v)〉Y
(see [Huy1, Proposition 5.44], [CW]).
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2.6. Abelian varieties. Over any field, an abelian variety X is a complete group variety,
that is X is an algebraic variety equipped with the maps X × X → X, (x,y) 7→ x + y (the
group law), and X→ X, x 7→ −x (the inverse map), together with the identity element e ∈ X.
For a ∈ X, the morphism ta : X → X is defined by ta : x 7→ x+ a. Over the field of complex
numbers, an abelian variety is a complex torus with the structure of a projective algebraic
variety.
Let Pic0(X) be the subgroup of the abelian group Pic(X) consisting of elements represented
by the line bundles which are algebraically equivalent to zero, and the corresponding quotient
Pic(X)/Pic0(X) is the Ne´ron-Severi group NS(X). The group Pic0(X) is naturally isomorphic
to an abelian variety called the dual abelian variety of X, denoted by X̂.
The Poincare´ line bundle P on the product X × X̂ is the uniquely determined line bundle
satisfying (i) PX×{x̂} ∈ Pic(X) is represented by x̂ ∈ X̂, and (ii) P{e}×X̂ ∼= OX̂. In [Muk2],
Mukai proved that the Fourier-Mukai functor ΦX→X̂P : D
b(X) → Db(X̂) is an equivalence of
the derived categories, that is a Fourier-Mukai transform.
A vector bundle E on an abelian variety X is called homogeneous if we have t∗xE ∼= E for all
x ∈ X. A vector bundle E on X is homogeneous if and only if E can be filtered by line bundles
from Pic0(X) (see [Muk1]). We call a vector bundle E is semihomogeneous if for every x ∈ X
there exists a flat line bundle PX×{x̂} on X such that t∗xE ∼= E⊗PX×{x̂}. A vector bundle E is
called simple if we have EndX(E) ∼= C.
Lemma 2.23 ([Muk1, Theorem 5.8]). Let E be a simple vector bundle on an abelian variety
X. Then the following conditions are equivalent:
(1) dimH1(X,End(E)) = g,
(2) E is semihomogeneous,
(3) End(E) is a homogeneous vector bundle.
Lemma 2.24 ([Muk1, Orl]). We have the following about simple semihomogeneous bundles:
(1) A rank r simple semihomogeneous bundle E has the Chern character
ch(E) = r ec1(E)/r.
(2) For any DX ∈ NSQ(X), there exists simple semihomogeneous bundles E on X with
ch(E) = r eDX for some r ∈ Z>0.
(3) Let E be a semihomogeneous bundle on X. Then E is Gieseker semistable with respect
to any ample bundle L, and if E is simple then it is slope stable with respect to c1(L).
See [Orl] for further details.
The image of an ample line bundle L on X under the Fourier-Mukai transform ΦX→X̂P is
ΦX→X̂P (L)
∼= L̂
for some rank χ(L) = c1(L)
g/g! semihomogeneous bundle L̂. Here g = dimX. Moreover,
−c1(L̂) is an ample divisor class on X̂. See [BL] for further details. Therefore, we have the
following:
Lemma 2.25 ([BL]). Let ℓX ∈ NSQ(X) be an ample class on X, and let g = dimX. Under
the induced cohomological transform ΦHP : H
2∗
alg(X,Q)→ H2∗alg(X̂,Q) of ΦX→X̂P we have
ΦHP(e
ℓX) = (ℓ
g
X/g!) e
−ℓ
X̂
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for some ample class ℓX̂ ∈ NSQ(X̂), satisfying
(ℓ
g
X/g!)(ℓ
g
X̂
/g!) = 1.
Moreover, for each 0 6 i 6 g,
ΦHP
(
ℓiX
i!
)
=
(−1)g−iℓgX
g!(g− i)!
ℓ
g−i
X̂
.
2.7. Some sheaf theory. In this paper, we shall encounter reflexive sheaves at several oc-
casions, and so we recall some of the key properties of them.
Let X be a smooth projective variety of dimension n.
Any coherent sheaf E on X admits a locally free resolution of length n. In other words, E
fits into an exact sequence:
0→ Fn → · · · → F1 → F0 → E→ 0
for some locally free sheaves Fi on X.
For a coherent sheaf E on X, its dual is E∗ = Hom(E,OX). There is a natural map from
any E ∈ Coh(X) to its double dual E∗∗, E → E∗∗. If this map is an isomorphism then E is
called a reflexive sheaf. When E is a torsion free sheaf, E injects into its double dual.
Lemma 2.26 ([OSS, Lemma 1.1.2]). For any coherent sheaf E on X we have
dimSupp
(
Exti(E,OX)
)
6 (n − i), for all i.
Definition 2.27. The singularity set Sing(E) of a coherent sheaf E ∈ Coh(X) is defined as
the locus where E is not locally free, that is
Sing(E) = {x ∈ X : Ext1X(E,Ox) 6= 0}.
This coincides with
Sn−1(E) =
n⋃
i=1
Supp
(
Exti(E,OX)
)
.
See [OSS, Chapter 2] for further details.
We collect some of the useful results about reflexive sheaves as follows.
Lemma 2.28. We have the following:
(1) if E is a reflexive sheaf then dimSing(E) 6 n − 3;
(2) a coherent sheaf E is reflexive if and only if it fits into a short exact sequence
0→ E→ F→ G→ 0
in Coh(X) for a locally free sheaf F and a torsion free sheaf G;
(3) any E ∈ Coh(X) fits into an exact sequence
0→ T → E→ E∗∗ → Q→ 0
in Coh(X), where T is the maximal torsion subsheaf of E and Q is a torsion sheaf
supported in a subscheme of at least codimension 2;
(4) for any E ∈ Coh(X), its dual E∗ is a reflexive sheaf;
(5) any rank one reflexive sheaf is locally free, that is a line bundle.
Proof. See Propositions 1.1, 1.3, 1.9 and Corollary 1.2 of [Har] for proofs of (2), (1), (5) and
(4). The claim in (3) is an easy exercise. 
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When dimX = 3, one can easily prove the following result which is useful in this paper to
identify reflexive sheaves.
Lemma 2.29. A coherent sheaf E on a smooth projective threefold X is reflexive if and only
if
(i) Ext1X(Ox,E) = 0 for all x ∈ X, and
(ii) Ext2X(Ox,E) 6= 0 for finitely many x ∈ X.
The following result of Simpson is very important for us.
Lemma 2.30 ([Sim, Theorem 2]). Let X be a smooth projective variety of dimension n > 3.
Let L be an ample line bundle on X and let H be c1(L). Let E be a slope semistable reflexive
sheaf on X with respect to H such that Hn−1 ch1(E) = H
n−2 ch2(E) = 0. Then all the Jordan-
Ho¨lder slope stable factors of E are locally free sheaves which have vanishing Chern classes.
3. Cohomological Fourier-Mukai Transforms and Polarizations
Let Y be a g-dimensional abelian variety. Let us fix a class DY ∈ NSQ(Y). Let X be the
fine moduli space of rank r simple semihomogeneous bundles E on Y with c1(E)/r = DY . Due
to Mukai X is a g-dimensional abelian variety. Let E be the associated universal bundle on
X× Y; so by Lemma 2.24–(1) we have
ch(E{x}×Y) = r e
DY .
Let ΦX→YE : D
b(X) → Db(Y) be the corresponding Fourier-Mukai transform from Db(X) to
Db(Y) with kernel E. Then its quasi inverse is given by ΦY→X
E∨
[g]. Again, by Lemma 2.24–(1)
we have
ch(EX×{y}) = r e
DX
for some DX ∈ NSQ(X).
Definition 3.1. A polarization on X is by definition the first Chern class c1(L) of an ample
line bundle L on X. However, it is usual to say the line bundle L itself a polarization.
Let a ∈ X and b ∈ Y. Consider the Fourier-Mukai functor Γ from Db(X) to Db(Ŷ) defined
by
Γ = ΦY→ŶP ◦ E∗{a}×Y ◦ΦX→YE ◦ E∗X×{b} [g],
where E∗
{a}×Y denotes the functor E
∗
{a}×Y⊗(−) and similar for E∗X×{b}. Let Γ̂ : Db(Ŷ)→ Db(X)
be the Fourier-Mukai functor defined by
Γ̂ = EX×{b} ◦ΦY→XE∨ ◦ E{a}×Y ◦ΦŶ→YP∨ [g].
Then Γ̂ and Γ are adjoint functors to each other. By direct computation, Γ(Ox) = OZx for some
0-subscheme Zx ⊂ Ŷ, and Γ(Oŷ) = OZŷ for some 0-subscheme Zŷ ⊂ X; where the lengths of Zx
and Zŷ are r
3 and r respectively. Therefore, the Fourier-Mukai kernel of Γ is F ∈ Cohg(X×Ŷ),
with F∨ ∼= Extg(F,OX×Ŷ)[−g]. So Γ(Cohi(X)) ⊂ Cohi(Ŷ) and Γ̂(Cohi(Ŷ)) ⊂ Cohi(X) for all
i. Also by direct computation, Γ(OX) and Γ̂(OŶ) are homogeneous bundles of rank r and r
3
respectively.
Let ℓX ∈ NSQ(X) be an ample class.
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Proposition 3.2. Under the induced cohomological map ΓH : H2∗alg(X,Q)→ H2∗alg(Ŷ,Q),
ΓH(eℓX) = r eℓŶ ,
for some ample class ℓŶ ∈ NSQ(Ŷ) satisfying r2 ℓgX = ℓgŶ . Hence, under the induced cohomo-
logical map Γ̂H : H2∗alg(Ŷ,Q)→ H2∗alg(X,Q),
Γ̂H(eℓŶ ) = r3 eℓX .
Moreover, for each 0 6 i 6 g,
ΓH(ℓiX) = r ℓ
i
Ŷ
, Γ̂H(ℓi
Ŷ
) = r3 ℓiX.
Proof. Since Γ(Cohi(X)) ⊂ Cohi(Ŷ), for any E we have
ΓH(ch>j(E)) = ch>j(Γ(E)).
Here ch>j = (0, · · · , chj, chj+1, · · · , chg). Therefore,
ΓH(eℓX) = ΓH
(
e0 + ch>1(e
ℓX)
)
= ΓH
(
e0
)
+ ΓH
(
ch>1(e
ℓX)
)
= ch(Γ(OX)) + Γ
H
(
ch>1(e
ℓX)
)
= (r, 0, · · · , 0) + (0, ∗, · · · , ∗)
= (r, ∗, · · · , ∗).
For any k ∈ Z, There exists a semihomogeneous bundle Ek with kℓX = c1(Ek)/ rk(Ek). Un-
der the transform Γ(Ek) is also a semihomogeneous bundle such that c1(Γ(Ek))/ rk(Γ(Ek)) =
Dk for some Dk ∈ NSQ(Ŷ).
So we deduce
ΓH(eℓX) = r eℓŶ ,
for some class ℓŶ ∈ NSQ(Ŷ).
Moreover, for any k
ΓH(ekℓX) = ΓH
(
keℓX − (k− 1)e0 + (0, 0, ∗, · · · , ∗))
= kreℓŶ − (k− 1)re0 + (0, 0, ∗, · · · , ∗) = (r, rkℓŶ , ∗, · · · , ∗).
So it has to be equal to rekℓŶ .
For any 0 6 i 6 g, we can write ℓiX as a Q-linear combination of {e
0, eℓX , · · · , egℓX }. Since
ΓH(ekℓX) = rekℓŶ , we have ΓH(ℓiX) = r ℓ
i
Ŷ
.
Similarly, we can prove the results involving Γ̂H.
Now let us prove that the class ℓŶ is ample.
For any 0 6 j 6 g, let Ŷ(j) ⊂ Ŷ be a closed j-dimensional subscheme of Ŷ. Then we have∫
Ŷ
ℓ
g−j
Ŷ
· [Ŷ(j)] = 1
r4
∫
Ŷ
ℓ
g−j
Ŷ
· ΓHΓ̂H[Ŷ(j)]
=
(−1)g−j
r4
〈
ℓ
g−j
Ŷ
, ΓHΓ̂H[Ŷ(j)]
〉
Ŷ
=
(−1)g−j
r4
〈
Γ̂H(ℓ
g−j
Ŷ
), Γ̂H[Ŷ(j)]
〉
X
, by (7)
=
(−1)g−j
r
〈
ℓg−jX , Γ̂
H[Ŷ(j)]
〉
X
=
1
r
∫
X
ℓg−jX · Γ̂H[Ŷ(j)] > 0,
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as Γ̂
(
O
Ŷ(j)
) ∈ Cohj(X) and ℓX is an ample class. Hence, from the Nakai-Moishezon criterion,
ℓŶ is an ample class on Ŷ. 
By Theorem 2.25, under the induced cohomological map of ΦŶ→Y
P∨
we have
ΦH
P∨
(eℓŶ ) = (ℓ
g
Ŷ
/g!) e−ℓY ,
for some ample class ℓY ∈ NSQ(Y).
Let Ξ : Db(X)→ Db(Y) be the Fourier-Mukai functor defined by
Ξ = E∗{a}×Y ◦ΦX→YE ◦ E∗X×{b} = ΦŶ→YP∨ ◦ Γ .
The image of eℓX under its induced cohomological transform ΞH is (r3ℓgX/g!) e
−ℓY . Therefore,
we deduce the following.
Theorem 3.3. If ℓX ∈ NSQ(X) is an ample class then
e−DY ΦHE e
−DX(eℓX) = (r ℓ
g
X/g!) e
−ℓY ,
for some ample class ℓY ∈ NSQ(Y), satisfying (ℓgX/g!)(ℓgY /g!) = 1/r2. Moreover, for each
0 6 i 6 g,
e−DY ΦHE e
−DX
(
ℓiX
i!
)
=
(−1)g−ir ℓgX
g!(g − i)!
ℓ
g−i
Y .
This gives us the following:
Theorem 3.4. If the ample line bundle L defines a polarization on X, then the line bundle
det(Ξ(L))−1 is ample and so it defines a polarization on Y.
Let us introduce the following notation:
Notation 3.5. Let B, ℓX ∈ NSQ(X). For E ∈ Db(X), the entries vB,ℓXi (E), i = 0, . . . ,g, are
defined by
v
B,ℓX
i (E) = i! ℓ
g−i
X · chBi (E).
Here chBi (E) is the i-th component of the B-twisted Chern character ch
B(E) = e−B ch(E).
The vector vB,ℓX(E) is defined by
vB,ℓX(E) =
(
v
B,ℓX
0 (E), . . . , v
B,ℓX
g (E)
)
.
We will denote an g× g anti-diagonal matrix with entries ak, k = 1, . . . ,g by
Adiag(a1, . . . ,ag)ij :=
{
ak if i = k, j = g+ 1− k
0 otherwise.
Theorem 3.6. If we consider v−DX,ℓX , vDY ,ℓY as column vectors, then
vDY ,ℓY (ΦX→YE (E)) =
g!
r ℓ
g
X
Adiag
(
1,−1, . . . , (−1)g−1, (−1)g
)
v−DX,ℓX(E).
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Proof. The i-th entry of vDY ,ℓY
(
ΦX→YE (E)
)
is
v
DY ,ℓY
i (Φ
X→Y
E (E)) = i! ℓ
g−i
Y · chDYi (ΦX→YE (E))
= i!
∫
Y
ℓ
g−i
Y · chDY (ΦX→YE (E))
= i!
∫
Y
ℓ
g−i
Y · e−DY ch (ΦX→YE (E))
= (−1)g−ii!
〈
ℓ
g−i
Y , e
−DY ch (ΦX→YE (E))
〉
Y
= (−1)g−ii!
〈
ℓ
g−i
Y , e
−DYΦHE(ch(E))
〉
Y
= (−1)g−ii!
〈
ℓg−iY , e
−DYΦHEe
−DX(ch−DX(E))
〉
Y
= (−1)g−ii!
〈(
e−DYΦHEe
−DX
)−1
(ℓ
g−i
Y ), ch
−DX(E)
〉
X
=
g!(g − i)!
r ℓ
g
X
〈
ℓiX, ch
−DX(E)
〉
X
, from Theorem 3.3
=
(−1)ig!(g− i)!
r ℓ
g
X
∫
X
ℓiX · ch−DX(E)
=
(−1)ig!(g− i)!
r ℓ
g
X
ℓiX · ch−DXg−i (E)
=
(−1)ig!
r ℓ
g
X
v
−DX,ℓX
g−i (E).
This completes the proof. 
Let D denote the derived dualizing functor RHom(−,OX). The following is a generalization
of Mukai’s result on classical Fourier-Mukai transform.
Lemma 3.7 ([PP, Lemma 2.2]). We have the isomorphism
(ΦX→Y
E∨
◦D)[g] ∼= D ◦ΦX→YE .
Here ΦX→Y
E∨
: Db(X) → Db(Y) is the Fourier-Mukai transform from X to Y with the kernel
E∨.
This gives us the convergence of the following spectral sequence.
“Duality” Spectral Sequence 3.8.
Hp
(
ΦX→Y
E∨
(
Extq+g(E,OX)
))
=⇒ ? ⇐= Extp+g (Hg−q (ΦX→YE (E)) ,OX)
for E ∈ Coh(X).
We have the following for the Fourier-Mukai transform ΦX→Y
E∨
: Db(X)→ Db(Y) :
Proposition 3.9. If we consider vDX,ℓX, v−DY ,ℓY as column vectors, then
v−DY ,ℓY (ΦX→YE (E)) =
g!
r ℓ
g
X
Adiag
(
1,−1, . . . , (−1)g−1, (−1)g
)
vDX,ℓX(E).
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4. Stability Conditions Under FM Transforms on Abelian Varieties
4.1. Action of FM transforms on Bridgeland Stability Conditions. This section gen-
eralizes some of the similar results in [MP2, Piy1].
Recall that a Bridgeland stability condition σ on a triangulated category D consists of a
stability function Z together with a slicing P of D satisfying certain axioms. Equivalently,
one can define σ by giving a bounded t-structure on D together with a stability function Z
on the corresponding heart A satisfying the Harder-Narasimhan property. Then σ is usually
written as the pair (Z,P) or (Z,A).
Let Υ : D → D′ be an equivalence of triangulated categories, and let W : K(D) → C be a
group homomorphism. Then
(Υ ·W) ([E]) =W ([Υ−1(E)])
defines an induced group morphism Υ ·W in Hom(K(D′),C) by the equivalence Υ. Moreover,
this can be extended to a natural induced stability condition on D′ by defining Υ · (Z,A) =
(Υ · Z,Υ(A)).
Let X,Y be two derived equivalent g-dimensional abelian varieties as in Section 3, which is
given by the Fourier-Mukai transform ΦX→YE : D
b(X)→ Db(Y). Let ℓX ∈ NSQ(X) be an ample
class on X and let ℓY ∈ NSQ(Y) be the induced ample class on Y as in Theorem 3.3.
Let u be a complex number. Consider the function Z−DX+uℓX : K(X)→ C defined by
Z−DX+uℓX(E) = −
∫
X
e−(−DX+uℓX) ch(E) =
〈
e−DX+uℓX , ch(E)
〉
X
.
For E ∈ Db(Y) we have
(ΦX→YE · Z−DX+uℓX) (E) =
〈
e−DX+uℓX , ch
(
(ΦX→YE )
−1
(E)
)〉
X
=
〈
e−DX+uℓX , (ΦHE)
−1
(ch(E))
〉
X
=
〈
ΦHE
(
e−DX+uℓX
)
, ch(E)
〉
Y
=
〈
eDY
(
e−DYΦHEe
−DX
)
(euℓX), ch(E)
〉
Y
= (r ℓ
g
Xu
g/g!)
〈
eDY−ℓY/u, ch(E)
〉
Y
,
since by Theorem 3.3, e−DYΦHEe
−DX(euℓX) = (r ℓ
g
Xu
g/g!) e−ℓY/u. So we have the following
relation:
Lemma 4.1. We have ΦX→YE · Z−DX+uℓX = ζ ZDY−ℓY/u, for ζ = r ℓgXug/g!.
Assume there exist a stability condition for any complexified ample class −DX+uℓX with a
heart AX−DX+uℓX and a slicing P
X
−DX+uℓX
associated to the central charge function Z−DX+uℓX .
Furthermore, assume similar stability conditions exist on Y. From Lemma 4.1 for any φ ∈ R,
ζZDY−ℓY/u
(
ΦX→YE
(
PX−DX+uℓX(φ)
))
⊂ R>0eiπφ; that is
ZDY−ℓY/u
(
ΦX→YE
(
PX−DX+uℓX(φ)
)) ⊂ R>0ei(πφ−arg(ζ)).
So we would expect
ΦX→YE
(
PX−DX+uℓX(φ)
)
= PYDY−ℓY/u
(
φ−
arg(ζ)
π
)
,
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and so
ΦX→YE
(
PX−DX+uℓX((0, 1])
)
= PYDY−ℓY/u
((
−
arg(ζ)
π
, −
arg(ζ)
π
+ 1
])
.
For 0 6 α < 1, PY
DY−ℓY/u
((α,α + 1]) =
〈
PY
DY−ℓY/u
((0,α]) [1], PY
DY−ℓY/u
((α, 1])
〉
is a tilt of
AYDY−ℓY/u
= PYDY−ℓY/u
((0, 1]) associated to a torsion theory coming from ZDY−ℓY/u stability.
Therefore, one would expect ΦX→YE
(
AX−DX+uℓX
)
is a tilt of AY
DY−ℓY/u
associated to a torsion
theory coming from ZDY−ℓY/u stability, up to some shift.
Moreover, for the Fourier-Mukai transform ΦX→YE when ζ is real, that is,
(8) ug ∈ R
we would expect that the Fourier-Mukai transform ΦX→YE : D
b(X)→ Db(Y) gives the equiva-
lence of associated stability condition hearts. We conjecturally formulate this for any dimen-
sional abelian varieties in Section 4.3.
4.2. Very weak stability conditions. Let us recall the general arguments of very weak
stability conditions. We closely follow the notions as in [PT, Section 2].
Let D be a triangulated category, and K(D) its Grothendieck group.
Definition 4.2. A very weak stability condition on D is a pair (Z,A), where A is the heart
of a bounded t-structure on D, and Z : K(D) → C is a group homomorphism satisfying the
following conditions:
(i) For any E ∈ A, we have Z(E) ∈ H ∪ R60. Here H is the upper half plane {z ∈ C :
ImZ > 0}.
(ii) The associated slope function µ : A→ R ∪ {+∞} is defined by
µ(E) =
{
+∞ if ImZ(E) = 0
−
ReZ(E)
ImZ(E)
otherwise,
and it satisfies the Harder-Narasimhan property.
We say that E ∈ A is µ-(semi)stable if for any non-zero subobject F ⊂ E in A, we have the
inequality: µ(F) < (6)µ(E/F).
The Harder-Narasimhan filtration of an object E ∈ A is a chain of subobjects 0 = E0 ⊂
E1 ⊂ · · · ⊂ En = E in A such that each Fi = Ei/Ei−1 is µ-semistable with µ(Fi) > µ(Fi+1).
If such Harder-Narasimhan filtrations exists for all objects in A, we say that µ satisfies the
Harder-Narasimhan property.
For a given a very weak stability condition (Z,A), we define its slicing on D (see [Bri1,
Definition 3.3])
{P(φ)}φ∈R, P(φ) ⊂ D
as in the case of Bridgeland stability conditions (see [Bri1, Proposition 5.3]). Namely, for
0 < φ 6 1, the category P(φ) is defined to be
P(φ) = {E ∈ A : E is µ-semistable with µ(E) = −1/ tan(πφ)} ∪ {0}.
Here we set −1/ tanπ =∞. The other subcategories are defined by setting
P(φ + 1) = P(φ)[1].
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For an interval I ⊂ R, we define P(I) to be the smallest extension closed subcategory of
D which contains P(φ) for each φ ∈ I. For 0 6 s 6 1, the pair (P((s, 1]),P((0, s])) of
subcategories of A = P((0, 1]) is a torsion pair, and the corresponding tilt is P((s, s + 1]).
Note that the category P(1) contains the following category
C := {E ∈ A : Z(E) = 0}.
It is easy to check that C is closed under subobjects and quotients in A. In particular, C is
an abelian subcategory of A. Moreover, the pair (Z,A) gives a Bridgeland stability condition
on D if C = {0}.
4.3. Conjectural stability conditions. Let X be a g-dimensional abelian variety with g >
2. Motivated by the constructions for smooth projective surfaces (see [Bri2, AB]) together
with some observations in Mathematical Physics, for X, it is expected that the function defined
by
ZB+iω(−) = −
∫
X
e−B−iω ch(−)
is a central charge function of some geometric stability condition on Db(X) (see [BMT, Con-
jecture 2.1.2]). Here B+ iω ∈ NSC(X) is a complexified ample class on X, that is by definition
B,ω ∈ NSR(X) with ω an ample class. By using the notion of very weak stability, let us
conjecturally construct a heart for this central charge function.
For 0 6 k 6 g, we define the k-truncated Chern character by
ch6k(E) = (ch0(E), ch1(E), . . . , chk(E), 0, . . . , 0),
and the function Z
(k)
B+iω : K(X)→ C by
Z
(k)
B+iω(E) = −i
n−k
∫
X
e−B−iω ch6k(E).
The usual slope stability on sheaves gives the very weak stability condition (Z
(1)
B+iω, Coh(X)).
Moreover, we formulate the following:
Conjecture 4.3. For each 1 6 k < g, the pair σk = (Z
(k)
B+iω,A
(k)
B+iω) gives a very weak
stability condition on Db(X), where the hearts A
(k)
B+iω, 1 6 k 6 g are defined by
A
(1)
B+iω = Coh(X)
A
(k+1)
B+iω = Pσk((1/2, 3/2])

 .
Moreover, the pair σg = (ZB+iω,A
(g)
B+iω) is a Bridgeland stability condition on D
b(X).
This is known to be true for abelian surfaces ([Bri2, AB]) and abelian threefolds ([MP1,
MP2, Piy1, BMS]).
Remark 4.4. Although we assumed X to be an abelian variety, the above Conjecture 4.3
makes sense for any smooth projective variety. In fact, (Z
(1)
ω,B,A
(1)
B+iω = Coh(X)) is a very
weak stability condition for any variety and a Bridgeland stability condition for curves. By
[Bri2, AB], (Z
(2)
B+iω,A
(2)
B+iω) is a Bridgeland stability condition for surfaces. In [BMT], the
authors proved that the pair (Z
(2)
B+iω,A
(2)
B+iω) is again a very weak stability condition for
threefolds. Here the stability was called tilt slope stability. The usual Bogomolov-Gieseker
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inequality for Z
(1)
B+iω stable sheaves plays a crucial role in these proofs. Clearly the same
arguments work for any higher dimensional varieties. Therefore, we can always construct the
category A
(3)
B+iω when dimX > 2. In [BMT], the authors conjectured that this category is
a heart of a Bridgeland stability condition with the central charge ZB+iω. Moreover, they
reduced it to prove Bogomolov-Gieseker type inequalities for Z
(2)
B+iω stable objects E ∈ A(2)B+iω
with ReZ
(2)
B+iω(E) = 0, and the strong form of this inequality is
chB3 (E) 6
ω2
18
chB1 (E).
This is exactly Conjecture 2.10.
Let X,Y be two derived equivalent g-dimensional abelian varieties as in Section 3, which is
given by the Fourier-Mukai transform ΦX→YE : D
b(X)→ Db(Y). Let ℓX ∈ NSQ(X) be an ample
class on X and let ℓY ∈ NSQ(Y) be the induced ample class on Y as in Theorem 3.3.
By considering the complexified classes associated to the condition (8), we conjecture the
following for all abelian varieties.
Conjecture 4.5. The Fourier-Mukai transform ΦX→YE : D
b(X)→ Db(Y) gives the equivalence
of stability condition hearts conjecturally constructed in Conjecture 4.3:
ΦX→YE [k] (AΩ) = AΩ ′ .
Here Ω = −DX + λe
ikπ/g ℓX and Ω
′ = DY − (1/λ)e−ikπ/g ℓY are complexified ample classes
on X and Y respectively, for any k ∈ {1, 2, . . . , (g − 1)} and any λ ∈ R>0.
Note 4.6. This conjecture is known to be true for abelian surfaces and we discuss it in Section
7. Moreover, the main aim of the next sections is to show this conjecture indeed holds on
abelian threefolds; see Theorem 5.3.
5. Bogomolov-Gieseker Type Inequality on Abelian Threefolds
Let X,Y be derived equivalent abelian threefolds and let ℓX, ℓY be ample classes on them
respectively as in Theorem 3.3.
Notation 5.1. Let Ψ be the Fourier-Mukai transform ΦX→YE from X to Y with kernel E, and
let Ψ̂ = ΦY→X
E∨
.
Proposition 5.2. We have the following:
(1) For E ∈ Db(X),
ImZℓX,−DX+λ2 ℓX,
λ
2
(E) =
λ
√
3
4
(
v
−DX,ℓX
2 (E) − λv
−DX,ℓX
1 (E)
)
,
and for E ∈ Db(Y),
ImZℓY ,DY− 12λℓY ,
1
2λ
(E) =
√
3
4λ
(
v
DY ,ℓY
2 (E) +
1
λ
v
−DY ,ℓY
1 (E)
)
.
(2) For E ∈ Db(Y),
ImZℓX,−DX+λ2 ℓX,
λ
2
(Ψ̂[1](E)) = −
3!λ3
rℓ3Y
ImZℓY ,DY− 12λ ℓY ,
1
2λ
(E),
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and for E ∈ Db(X)
ImZℓY ,DY− 12λ ℓY ,
1
2λ
(Ψ(E)) = −
3!
λ3rℓ3X
ImZℓX,−DX+λ2 ℓX,
λ
2
(E).
Proof. Let us prove (1). By definition
ZℓX,−DX+λ2 ℓX,
λ
2
(E) = −
∫
X
eDX−
λ
2
ℓX−i
λ
√
3
2
ℓX ch(E)
= −
∫
X
e
−λℓX
(
1
2
+i
√
3
2
)
ch−DX(E).
Hence its imaginary part is
ImZℓX,−DX+λ2 ℓX,
λ
2
(E) =
∫
X
(0, λℓX
√
3/2,−λ2ℓ2X
√
3/4, 0) · ch−DX(E)
=
λ
√
3
4
(
v
−DX,ℓX
2 − λv
−DX,ℓX
1
)
as required. Similarly one can prove the other part.
Part (2) follows from Theorem 3.6 together with part (1). 
Most of the next sections are devoted to prove the following:
Theorem 5.3. The Fourier-Mukai transforms Ψ[1] and Ψ̂[2] give the equivalences
Ψ[1]
(
AℓX,−DX+λ2 ℓX,
λ
2
)
∼= AℓY ,DY− 12λ ℓY ,
1
2λ
,
Ψ̂[2]
(
AℓY ,DY− 12λ ℓY ,
1
2λ
)
∼= AℓX,−DX+λ2 ℓX,
λ
2
of the abelian categories as in (6) of Section 2.3.
Remark 5.4. One can see that the complexified ample classes
Ω = (−DX + λℓX/2) + i
√
3λℓX/2
Ω ′ = (DY − ℓY/(2λ)) + i
√
3ℓY/(2λ)
}
on X, Y associated to the above theorem are exactly the solutions given for the g = 3 case
in (8). Moreover, the shifts are compatible with the images of the skyscraper sheaves Ox,
Oy under the Fourier-Mukai transforms which are also minimal objects in the corresponding
abelian categories, as discussed in Example 2.19.
Theorem 5.5. The Bogomolov-Gieseker type inequality in Conjecture 2.10 holds for X.
Proof. By deforming tilt stability parameters it is enough to consider a dense family of classes
B ∈ NSQ(X), and αℓX ∈ NSQ(X) for νℓX,B,α stable objects of zero tilt slope.
For any given B ∈ NSQ(X),α ∈ Q>0 and ample class ℓX ∈ NSQ(X), one can find −DX ∈
NSQ(X) and λ ∈ Q>0 such that
B = −DX + λℓX/2, and α = λ/2.
Now one can find a non-trivial Fourier-Mukai transform Ψ which gives the equivalence of
abelian categories as in Theorem 5.3. From Lemma 2.22, it is enough to check that the
Bogomolov-Gieseker type inequality is satisfied by each object in MℓX,B,α.
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Moreover, the objects in
Mo := {M :M ∼= E∗X×{y}[1] for some y ∈ X} ⊂MℓX,B,α
satisfy the Bogomolov-Gieseker type inequality (Example 2.19 and Note 2.20). So we only
need to check the Bogomolov-Gieseker type inequality for objects in MℓX,B,α \ M
o.
Let E ∈MℓX,B,α \Mo. Then E[1] ∈ AℓX,B,α is a minimal object and so by the equivalence
in Theorem 5.3, Ψ[1](E[1]) ∈ AℓY ,B ′,α ′ is also a minimal object. Here
B ′ = DY − ℓY/(2λ), and α ′ = 1/(2λ).
So Ψ[1](E[1]) ∈ F ′ℓY ,B ′,α ′ [1] or Ψ[1](E[1]) ∈ T ′ℓY ,B ′,α ′ . Since ImZℓX,B,α(E) = 0, from Propo-
sition 5.2, ImZℓY ,B ′,α ′(Ψ[1](E[1])) = 0.
If Ψ[1](E[1]) ∈ T ′ℓY ,B ′,α ′ then by Proposition 2.11, Ψ[1](E[1]) ∈ Coh0(Y) and so E has a
filtration of objects fromMo; which is not possible. Hence, Ψ[1](E) is a νℓY ,B ′,α ′ stable object
with zero tilt slope. Moreover, for any y ∈ Y we have
Ext1Y(Oy,Ψ[1](E))
∼= HomY(Oy,Ψ[2](E)) ∼= HomX(E
∗
X×{y}[1],E) = 0,
as E 6∼= E∗X×{y}[1]. Hence, Ψ[1](E) ∈MℓY ,B ′,α ′ . Therefore, from Proposition 2.13-(4) vB
′−α ′ℓY
1 (Ψ[1](E)) >
0. So we have
vB
′−α ′ℓY
1 (Ψ[1](E)) = v
DY ,ℓY
1 (Ψ[1](E)) +
1
λ
v
DY ,ℓY
0 (Ψ[1](E)) > 0.
From Theorem 3.6, we have
v
−DX,ℓX
2 (E) −
1
λ
v
−DX,ℓX
3 (E) > 0.
Since ImZℓX,B,α(E) = 0, from Proposition 5.2–(1)
v
−DX,ℓX
2 (E) = λv
−DX,ℓX
1 (E).
Therefore
v
−DX,ℓX
3 (E) − λ
2v
−DX,ℓX
1 (E) 6 0.
This is the required Bogomolov-Gieseker type inequality for E. 
We can now deduce the main theorem of this paper:
Theorem 5.6. Conjecture 2.9 holds for abelian threefolds. Therefore, we have the symmetries
of Bridgeland stability conditions as in Theorem 1.1.
6. FM Transform of Sheaves on Abelian Varieties
Let X,Y be two derived equivalent g-dimensional abelian varieties as in Section 3, which is
given by the Fourier-Mukai transform ΦX→YE : D
b(X)→ Db(Y). Let ℓX ∈ NSQ(X) be an ample
class on X and let ℓY ∈ NSQ(Y) be the induced ample class on Y as in Theorem 3.3.
We study some properties of the slope stability of the images under the Fourier-Mukai
transform ΦX→YE in this section. The slope µℓX,B of E ∈ Coh(X) is defined by
µℓX,B(E) =
ℓ
g−1
X ch
B
1 (E)
ℓ
g
X ch
B
0 (E)
,
where g = dimX, and we consider the notion of slope stability as similar to threefolds in
Section 2.3.
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Notation 6.1. Let use write
Ψ := ΦX→YE : D
b(X)→ Db(Y),
Ψ̂ := ΦY→X
E∨
: Db(Y) → Db(X).
Let C be a heart of a bounded t-structure on Db(Y). For a sequence of integers i1, i2, . . . , ik
we define
VΨC (i1, i2, . . . , ik) = {E ∈ Db(X) : HiC(E) = 0 for i 6= {i1, i2, . . . , ik}}.
For E ∈ Db(X) we write
Ψk(E) = HkCoh(Y)(Ψ(E)) = H
k(Ψ(E)).
We consider similar notions for Ψ̂.
Note 6.2. There exists a minimal N ∈ Z>0 such that NℓX becomes integral. Let us fix a
divisor HX from the linear system |NℓX|. The divisor HX,x ∈ |NℓX| is the translation of HX by
−x:
HX,x := t
−1
x (HX) .
For positive integer m, let mHX,x be the divisor in the linear system |mNℓX|. So mHX,x is the
zero locus of a section of the line bundle OX(mHX,x), and we have the short exact sequence
0→ OX(−mHX,x)→ OX → OmHX,x → 0
in Coh(X).
Let E ∈ Coh(X). Apply the functor E L⊗ (−) to the above short exact sequence and consider
the long exact sequence of Coh(X)-cohomologies. Since OX(−mHX,x),OX are locally free, we
have the long exact sequence
0→ Tor1(E,OmHX,x)→ E(−mHX,x)→ E→ E⊗ OmHX,x → 0
in Coh(X) and Tori(E,OmHX,x) = 0 for i > 2.
Assume E ∈ Cohk(X) for some k ∈ {0, 1, · · · ,g}. For generic x ∈ X, we have dim(Supp(E)∩
HX,x) 6 (k − 1) and so Tor1(E,OmHX,x) ∈ Coh6k−1(X). However, E(−mHX,x) ∈ Cohk(X),
and so Tor1(E,OmHX,x) = 0. Therefore we have the short exact sequence
(9) 0→ E(−mHX,x)→ E→ E|mHX,x → 0
in Coh(X), where we write
E|mHX,x := E⊗ OmHX,x.
Since any E ∈ Coh(X) is an extension of sheaves from Cohk(X), 1 6 k 6 g, for generic x ∈ X
we have Tori(E,OmHX,x) = 0 for i > 1 and so the short exact sequence (9). Moreover, when
0 → E1 → E2 → E3 → 0 is a short exact sequence in Coh(X), for generic x ∈ X we have
Tori(Ej,OmHX,x) = 0 for i > 1 and all j, and so
0→ E1|mHX,x → E2|mHX,x → E3|mHX,x → 0
is a short exact sequence in Coh(X).
Notation 6.3. Similarly, we consider the divisors HY,y,HX̂,x̂,HŶ,ŷ on Y, X̂, Ŷ with respect to
the induced ample classes ℓY , ℓX̂, ℓŶ as in Theorem 3.3 under the Fourier-Mukai transforms.
Note 6.4. From the definition of Fourier-Mukai transform, for any E ∈ Coh(X) we have
Ψk(E) = 0, for all k 6∈ {0, 1, . . . ,g}.
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Proposition 6.5. Let E ∈ Coh(X). Then for large enough m ∈ Z>0, and any x ∈ X, we have
the following:
(i) E(mHX,x) ∈ VΨCoh(Y)(0).
(ii) If E ∈ Cohk(X) such that Exti(E,OX) = 0 for i 6= k, then E(−mHX,x) ∈ VΨCoh(Y)(g −
k).
Proof. (i) Let y ∈ Y be any point. We have
HomY(Ψ
g(E(mHX,x)),Oy) ∼= HomY(Ψ(E(mHX,x))[g],Ψ(E
∗
X×{y}[g])
∼= HomX(E(mHX,x),E
∗
X×{y})
∼= HomX(E(mHX,x)⊗ EX×{y},OX)
∼= HomX(OX,E(mHX,x)⊗ EX×{y}[g])
∼= Hg(X,E(mHX,x)⊗ EX×{y}) = 0,
for large enough m ∈ Z>0. Hence, Ψg(E(mHX,x)) = 0. So we have
HomY(Ψ
g−1(E(mHX,x)),Oy) ∼= HomY(Ψ(E(mHX,x))[g − 1],Ψ(E
∗
X×{y}[g])
∼= HomX(E(mHX,x),E
∗
X×{y}[1])
∼= HomX(E(mHX,x)⊗ EX×{y},OX[1])
∼= HomX(OX,E(mHX,x)⊗ EX×{y}[g− 1])
∼= Hg−1(X,E(mHX,x)⊗ EX×{y}) = 0,
for large enough m ∈ Z>0. Hence, Ψg−1(E(mHX,x)) = 0. In this way, one can show that for
large enough m ∈ Z>0, Ψk(E(mHX,x)) = 0 for all k 6= 0 as required.
(ii) From Lemma 3.7 and part (i), we have
ΦX→YE (E(−mHX,x))
∼=
(
ΦX→Y
E∨
(
(E(−mHX,x))
∨
)
[g]
)∨
∼=
(
ΦX→Y
E∨
(
Extk(E,OX)(mHX,x)
)
[g− k]
)∨
∼=
(
H0
(
ΦX→Y
E∨
(
Extk(E,OX)(mHX,x)
)))∨
[−(g− k)].
Therefore, we have the required claim. 
Proposition 6.6. Let E ∈ Coh6k(X). Then for j > k+ 1
Ψj(E) = 0.
Proof. Let y ∈ Y be any point. If k 6 (g − 1) then as similar to the proof of Proposition
6.5–(i), we have
HomY(Ψ
g(E),Oy) ∼= H
g(X,E⊗ EX×{y}) = 0,
as E⊗ EX×{y} ∈ Coh6k(X); hence, Ψg(E(mHX,x)) = 0.
If k 6 (g − 2), then similarly we have
HomY(Ψ
g−1(E),Oy) ∼= H
g−1(X,E⊗ EX×{y}) = 0,
as E ⊗ EX×{y} ∈ Coh6k(X) ⊂ Coh6(g−2)(X); hence, Ψg−1(E(mHX,x)) = 0. In this way, one
can show that for j > k+ 1, Ψj(E) = 0. 
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Proposition 6.7. Let E ∈ Coh(X). Then we have the following:
(i) If E ∈ VΨ
Coh(Y)(0) then Ψ
0(E) is a locally free sheaf.
(ii) Ψ0(E) is a reflexive sheaf on Y.
Proof. (i) Suppose E ∈ VΨ
Coh(Y)
(0). For any y ∈ Y, we have
Ext1Y(Ψ
0(E),Oy) ∼= HomY(Ψ
0(E),Oy[1])
∼= HomX(Ψ̂Ψ
0(E)[g], Ψ̂(Oy)[g + 1])
∼= HomX(E,E
∗
X×{y}[g+ 1]).
Hence SingΨ0(E) = ∅, that is Ψ0(E) is a locally free sheaf (see Definition 2.27).
(ii) For generic x ∈ X and m ∈ Z>0, apply the Fourier-Mukai transform Ψ to the OX(mHX,x)
twisted short exact sequence (9):
0→ E→ E(mHX,x)→ E(mHX,x)|mHX,x → 0.
By considering long exact sequence of Coh(Y) cohomologies, we get the following short exact
sequence
0→ Ψ0(E)→ Ψ0(E(mHX,x))→ Q→ 0
for some subsheaf Q of Ψ0(E(mHX,x)|mHX,x).
From Proposition 6.5–(i), for large enough m ∈ Z>0, E(mHX,x) ∈ VΨCoh(Y)(0). From part
(i) Ψ0(E(mHX,x)) is locally free. Hence Ψ
0(E) is a torsion free sheaf. Similarly, one can show
that Ψ0(E(mHX,x)|mHX,x) is torsion free. Therefore, from Lemma 2.28–(2), Ψ
0(E) is a reflexive
sheaf on Y. 
Proposition 6.8. Let E ∈ Coh(X). Then we have the following:
(i) If E ∈ HNµℓX,−DX((0,+∞]) then Ψg(E) = 0.
(ii) If E ∈ HNµℓX,−DX(0) then Ψg(E) = Coh0(Y).
(iii) If E ∈ HNµℓX,−DX((−∞, 0]) then Ψ0(E) = 0.
Proof. (i) Let E ∈ HNµℓX,−DX((0,+∞]). Then for any y ∈ Y, we have
HomY(Ψ
g(E),Oy) ∼= HomY(Ψ(E)[g],Oy)
∼= HomY(Ψ(E)[g],Ψ(E
∗
X×{y})[g])
∼= HomX(E,E
∗
X×{y}) = 0,
as E∗
X×{y} ∈ HNµℓX,−DX(0). Therefore, Ψg(E) = 0 as required.
(ii) Suppose E ∈ HNµℓX,−DX(0) is slope stable. If Ψg(E) 6= 0 then there exists y ∈ Y such that
HomY(Ψ
g(E),Oy) 6= 0. Hence, as in part (i) there exists a non-trivial map E→ E∗X×{y}. Since
E is slope stable, this map is an injection with a quotient in Coh6(g−2)(X). By applying the
Fourier-Mukai transform Ψ to this short exact sequence of sheaves on X, and considering the
long exact sequence of Coh(Y) cohomologies, we obtain that Ψg(E) ∼= Oy. This completes the
proof.
(iii) Let E ∈ HNµℓX,−DX((−∞, 0]). We can assume E is slope stable using the Harder-
Narasimhan and Jordan-Ho¨lder filtrations.
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Since
Exti(Ψj(E),OY) ∈ Coh6(g−i)(Y),
for generic y ∈ Y we have
HomY(τ>1Ψ(E),Oy) = 0,
HomY(τ>1Ψ(E)[−1],Oy).
Hence, by applying the functor HomY(−,Oy) to the distinguished triangle
τ>1Ψ(E)[−1] → Ψ0(E)→ Ψ(E)→ τ>1Ψ(E)
for generic y ∈ Y, we have
HomY(Ψ
0(E),Oy) ∼= HomY(Ψ(E),Oy)
∼= HomY(Ψ(E),Ψ(E
∗
X×{y})[g])
∼= HomX(E,E
∗
X×{y}[g])
∼= HomX(E
∗
X×{y},E)
∨.
If µℓX,−DX(E) < 0 then HomX(E
∗
X×{y},E) = 0. Otherwise, µℓX,−DX(E) = 0 and since
E is assumed to be slope stable, any non-trivial map in HomX(E
∗
X×{y},E) gives rise to an
isomorphism of sheaves; and in this case we have Ψ0(E) = 0.
Therefore, for generic y ∈ Y, HomY(Ψ0(E),Oy) = 0. By Proposition 6.7, Ψ0(E) is reflexive,
and so we have Ψ0(E) = 0. 
Proposition 6.9. We have the following for E ∈ Coh(X):
(i) If Hg(X,E⊗ EX×{y}) = 0 for any y ∈ Y, then Ψg(E) = 0.
(ii) If H0(X,E⊗ EX×{y}) = 0 for any y ∈ Y, then Ψ0(E) = 0.
Proof. (i) As similar to the proof Proposition 6.5–(i), for any y ∈ Y
HomY(Ψ
g(E),Oy) ∼= H
g(X,E⊗ EX×{y}) = 0.
Therefore, Ψg(E) = 0 as required.
(ii) Suppose H0(X,E⊗ EX×{y}) = 0 for any y ∈ Y. By similar arguments in the proof of (iii)
of Proposition 6.8, for generic y ∈ Y, we have
HomY(Ψ
0(E),Oy) ∼= HomX(E
∗
X×{y},E)
∨
∼= HomX(OX,E⊗ EX×{y})∨
∼= H0(X,E⊗ EX×{y})∨ = 0.
Since Ψ0(E) is reflexive (Proposition 6.7–(ii)), we have Ψ0(E) = 0 as required. 
Proposition 6.10. Let E ∈ Coh(X). Then we have the following:
(i) Ψ0(E) ∈ HNµℓY ,DY ((−∞, 0]).
(ii) If E ∈ Coh>1(X) then Ψ0(E) ∈ HNµℓY ,DY ((−∞, 0)).
Proof. For generic x ∈ X and large enough m ∈ Z>0, apply the Fourier-Mukai transform Ψ
to the OX(mHX,x) twisted short exact sequence (9):
0→ E→ E(mHX,x)→ E(mHX,x)|mHX,x → 0.
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By considering the long exact sequence of Coh(Y) cohomologies we get
Ψ0(E) →֒ Ψ0(E(mHX,x)).
Therefore, it is enough to show the corresponding claims for E(mHX,x) with large enough
m ∈ Z>0 and generic x ∈ X. For such m, E(mHX,x) ∈ VΨCoh(Y)(0).
(i) For any T ∈ HNµℓY ,DY ((0,+∞]), we have
HomY(T ,Ψ
0(E(mHX,x))) ∼= HomX(Ψ̂(T), Ψ̂Ψ
0(E(mHX,x)))
∼= HomX(Ψ̂(T),E(mHX,x)[−g]) = 0,
as from Proposition 6.8–(i), Ψ̂g(T) = 0. Hence, Ψ0(E(mHX,x)) ∈ HNµℓY ,DY ((−∞, 0]) as re-
quired.
(ii) Let us assume E ∈ Coh>1(X). For any T ∈ HNµℓY ,DY ([0,+∞]), we have
HomY(T ,Ψ
0(E(mHX,x))) ∼= HomX(Ψ̂(T), Ψ̂Ψ
0(E(mHX,x)))
∼= HomX(Ψ̂(T),E(mHX,x)[−g])
∼= HomX(Ψ̂
g(T),E(mHX,x)) = 0,
as from Proposition 6.8–(ii), Ψ̂g(T) ∈ Coh0(X). Hence, Ψ0(E(mHX,x)) ∈ HNµℓY ,DY ((−∞, 0))
as required.

Proposition 6.11. Let 1 6 k 6 g. If E ∈ Coh6k(X), then Ψk(E) ∈ HNµℓY ,DY ((0,+∞]).
Proof. Consider the torsion sequence of E ∈ Coh6k(X); so E fits into the short exact sequence
0→ E6(k−1) → E→ Ek → 0,
for some E6(k−1) ∈ Coh6(k−1)(X) and Ek ∈ Cohk(X). By applying the Fourier-Mukai
transform Ψ and considering the long exact sequence of Coh(Y) cohomologies, we obtain
Ψk(E) = Ψk(Ek).
Hence, we can assume E ∈ Cohk(X).
For generic x ∈ X and large enough m ∈ Z>0, apply the Fourier-Mukai transform Ψ to the
OX(mHX,x) twisted short exact sequence (9):
0→ E→ E(mHX,x)→ E(mHX,x)|mHX,x → 0.
Here E(mHX,x)|mHx ∈ Coh(k−1)(X). By considering long exact sequence of Coh(Y) cohomolo-
gies, we get
Ψk(E) ∼= Ψk−1
(
E(mHX,x)|mHX,x
)
,
as for large enough m ∈ Z>0, E(mHX,x) ∈ VΨCoh(Y)(0). Therefore, inductively we only need to
consider the case k = 1.
Suppose E ∈ Coh1(X). For generic x ∈ X and large enough m ∈ Z>0, apply the Fourier-
Mukai transform Ψ to the short exact sequence (9):
0→ E(−mHX,x)→ E→ E|mHX,x → 0,
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where E|mHX,x ∈ Coh0(X). By considering long exact sequence of Coh(Y) cohomologies, we
get E(−mHX,x) ∈ VΨCoh(Y)(1) and also
(10) Ψ1(E(−mHX,x))։ Ψ
1(E).
From Lemma 3.7,
(
ΦX→YE (E(−mHX,x))
)∨ ∼= ΦX→Y
E∨
(
(E(−mHX,x))
∨
)
[g], and from Proposi-
tion 6.10–(ii),
H0(ΦX→Y
E∨
(Ext1(E,OX)(mHX,x)) ∈ HNµℓY ,−DY ((−∞, 0)),
so we deduce
Ψ1(E(−mHX,x)) ∼=
(
H0(ΦX→Y
E∨
(Ext1(E,OX)(mHX,x))
)∗ ∈ HNµℓY ,DY ((0,+∞)).
From (10) we have Ψ1(E) ∈ HNµℓY ,DY ((0,+∞]). This completes the proof. 
7. Equivalences of Stability Condition Hearts on Abelian Surfaces
In this section we show that the expectation in the end of Section 4.1, more precisely
Conjecture 4.5 holds on abelian surfaces. This result is already known due to Huybrechts and
Yoshioka [Huy2, Yos]. However, as for completeness and as a warm-up to study the abelian
threefold case in the next sections we present the complete proof and we closely follow that
of Yoshioka.
Let X,Y be derived equivalent abelian surfaces and let ℓX, ℓY be ample classes on them
respectively as in Theorem 3.3. Let Ψ be the Fourier-Mukai transform ΦX→YE from X to Y with
kernel E, and let Ψ̂ = ΦY→X
E∨
. We have
Ψ(Coh(X)) ⊂ 〈Coh(Y), Coh(Y)[−1], Coh(Y)[−2]〉,
and similar relation for Ψ̂. Since Ψ̂ ◦ Ψ ∼= [−2] and Ψ ◦ Ψ̂ ∼= [−2], we have the following
convergences of the spectral sequences.
(11)
E
p,q
2 = Ψ̂
pΨq(E) =⇒Hp+q−2(E)
E
p,q
2 = Ψ
pΨ̂q(E) =⇒Hp+q−2(E)
}
.
Here and elsewhere we write Ψ̂p(E) = Hp(Ψ̂(E)) and Ψq(E) = Hq(Ψ(E)). Immediately from
the convergence of this spectral sequence for E ∈ Coh(X), we deduce that
• Ψ0(E) ∈ VΨ̂
Coh(X)(2), and Ψ
2(E) ∈ VΨ̂
Coh(X)(0);
• there is an injection Ψ̂0Ψ1(E) →֒ Ψ̂2Ψ0(E), and a surjection Ψ̂0Ψ2(E)։ Ψ̂2Ψ1(E).
Let us recall the notation in Conjecture 4.5 for our derived equivalent abelian surfaces.
Consider the complexified ample classes Ω = −DX + iλℓX, Ω
′ = DY + i(1/λ)ℓY on X, Y
respectively. The function defined by Z
(1)
Ω = −i
∫
X e
−Ω(ch0, ch1, 0) together with the standard
heart Coh(X) defines a very weak stability condition σ1 on D
b(X). Define the subcategories
FX = PXσ1((0, 1/2]), T
X = PXσ1((1/2, 1])
of Coh(X) in terms of the associated slicing PXσ1 . In other words,
FX = HNµℓX,−DX([0,+∞)), TX = HNµℓX,−DX((0,+∞)).
Then the Bridgeland stability condition heart in Conjecture 4.5 is
BX = 〈FX[1],TX〉 = PXσ1((1/2, 3/2]).
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We consider similar subcategories associated to Ω ′ on Y.
We need the following results about cohomology sheaves of the images under the Fourier-
Mukai transforms, and closely follow the arguments in the author’s PhD thesis [Piy1, Section
6] and which is also adopted from [Yos].
Proposition 7.1. Let E ∈ Coh(X). Then we have the following:
(1) (i) If E ∈ TX then Ψ2(E) = 0, and (ii) if E ∈ FX then Ψ0(E) = 0.
(2) (i) Ψ2(E) ∈ TY, and (ii) Ψ0(E) ∈ FY.
(3) (i) if E ∈ TX then Ψ1(E) ∈ TY, and (ii) if E ∈ FX then Ψ1(E) ∈ FY.
Proof. (1) and (2) follows from Propositions 6.8-(i), 6.8-(iii), 6.10–(i), and 6.11.
Let us prove part (3)–(i). Let E ∈ TX. By the Harder-Narasimhan filtration of Ψ1(E) there
exists T ∈ TY and F ∈ FY such that 0 → T → Ψ1(E) → F → 0 is a short exact sequence in
Coh(Y). Assume F 6= 0 for a contradiction. Now apply the Fourier-Mukai transform Ψ̂ to this
short exact sequence and then consider the long exact sequence of Coh(X) cohomologies. By
(1)(i) of this proposition, Ψ2(E) = 0. So from the convergence of the Spectral Sequence 8.2
for E, Ψ̂2Ψ1(E) = 0 and Ψ̂1Ψ1(E) is quotient of E ∈ TX. Hence, we have Ψ̂1Ψ1(E) ∈ TX. By
(1)(i) of this proposition, Ψ̂2(T) = 0 and so there is a surjection Ψ̂1Ψ1(E)։ Ψ̂1(F). Therefore,
ℓX · ch−DX1 (Ψ̂1(F)) > 0,
where the equality holds when Ψ̂1(F) ∈ Coh0(X). Also Ψ̂(F) ∈ Coh(X)[−1], and so by Theorem
3.6,
ℓX · ch−DX1 (Ψ̂1(F)) 6 0.
Therefore, ℓX · ch−DX1 (Ψ̂1(F)) = 0, and so Ψ̂1(F) ∈ Coh0(X). But this is not possible as
ΨΨ̂1(F) ∈ Coh(Y)[−1]. This is the required contradiction to complete the proof.
Similarly one can prove (3)(ii). 
In other words, the results of the above proposition say
Ψ(TX) ⊂ 〈FY ,TY [−1]〉
Ψ(FX) ⊂ 〈FY [−1],TY [−2]〉
}
.
Similar results hold for Ψ̂. Since BX = 〈FX[1],TX〉 and BY = 〈FY [1],TY〉, we have Ψ[1](BX) ⊂
BY and Ψ̂[1](BY) ⊂ BX. Hence,
(12) Ψ[1](BX) ∼= BY .
as expected in Conjecture 4.5 for g = 2 case.
Note 7.2. We can use the equivalence (12) of the tilted hearts to prove the usual Bogomolov-
Gieseker type inequality for slope stable torsion free sheaves on an abelian surface.
Let E be a slope stable torsion free sheaf on an abelian surface X with respect to an ample
class ℓX ∈ NSQ(X). Then it fits into the short exact sequence 0→ E→ E∗∗ → T → 0 for some
torsion sheaf T ∈ Coh0(X). Let
−DX =
c1(E)
rk(E)
.
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Then consider the corresponding Fourier-Mukai transform ΦX→YE : D
b(X) → Db(Y) as in
Section 3. Similar to Lemma 2.16, for surfaces (see [Huy2, Theorem 0.2]), the object
E∗∗[1] ∈ BX
is a minimal object. Therefore under equivalence (12), the object
F := ΦX→YE [1](E
∗∗[1]) ∈ BY
is also a minimal object in BY . Since F fits in to the short exact sequence
0→ H−1(F)[1] → F→ H0(F) → 0,
we have either H−1(F) = 0 or H0(F) = 0.
In the first case one can show that H0(F) ∼= Oy some y ∈ Y, and so E∗∗ ∼= E∗X×{y}; which
satisfies ch−DX2 (E
∗∗) = 0.
In the remaining case, since
− ch0(F) = rk(H
−1(F)) > 0,
from Theorem 3.6 we get ch−DX2 (E
∗∗[1]) > 0.
So we have
ch−DX2 (E) 6 0
as required in the usual Bogomolov-Gieseker inequality for E.
8. FM Transform of Sheaves on Abelian Threefolds
In this section we further study the slope stability of sheaves under the Fourier-Mukai
transforms on abelian threefolds continuing Section 6.
Let X,Y be derived equivalent abelian threefolds and let ℓX, ℓY be ample classes on them
respectively as in Theorem 3.3. Let Ψ be the Fourier-Mukai transform ΦX→YE from X to Y with
kernel E, and let Ψ̂ = ΦY→X
E∨
. Then Ψ̂ ◦ Ψ ∼= [−3] and Ψ ◦ Ψ̂ ∼= [−3].
Notation 8.1. As in Section 6, we write
Ψp(E) = Hp (Ψ(E))
and use similar notation for Ψ̂.
Mukai Spectral Sequence 8.2.
E
p,q
2 = Ψ̂
pΨq(E) =⇒ Hp+q−3(E).
We can describe the second page of the Mukai Spectral Sequence for E ∈ Coh(X) as in the
following diagram:
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p
q
Ψ̂2Ψ0(E)
Ψ̂0Ψ1(E)
∼=
Ψ̂3Ψ2(E)
Ψ̂1Ψ3(E)
∼=
Ψ̂3Ψ0(E)
Ψ̂1Ψ1(E)
Ψ̂2Ψ2(E)
Ψ̂0Ψ3(E)
Ψ̂2Ψ1(E) Ψ̂3Ψ1(E)
Ψ̂0Ψ2(E) Ψ̂1Ψ2(E)
We deduce the following immediately from the convergence of the Mukai Spectral Sequence
for E ∈ Coh(X):
Ψ̂0Ψ0(E) = Ψ̂1Ψ0(E) = Ψ̂2Ψ3(E) = Ψ̂3Ψ3(E) = 0,
Ψ̂0Ψ1(E) ∼= Ψ̂2Ψ0(E),
Ψ̂1Ψ3(E) ∼= Ψ̂3Ψ2(E).
Proposition 8.3. Let E ∈ HNµℓX,−DX((−∞, 0]). Then Ψ1(E) is a reflexive sheaf.
Proof. By Proposition 6.8–(iii), Ψ0(E) = 0. Let y ∈ Y. From the convergence of Mukai
Spectral Sequence 8.2 for E and 0 6 i 6 2, we have
ExtiY(Oy,Ψ
1(E)) ∼= HomY(Oy,Ψ
1(E)[i])
∼= HomX(Ψ̂(Oy), Ψ̂(Ψ
1(E))[i])
∼= HomX(E
∗
X×{y}, Ψ̂
2Ψ1(E)[i − 2])
as HomX(E
∗
X×{y}, τ>3Ψ̂(Ψ
1(E))[i]) ∼= HomX(E
∗
X×{y}, Ψ̂
3Ψ1(E)[i−3]) = 0. Therefore, HomY(Oy,Ψ
1(E)) =
Ext1Y(Oy,Ψ
1(E)) = 0, and Ext2Y(Oy,Ψ
1(E)) ∼= HomX(E
∗
X×{y}, Ψ̂
2Ψ1(E)).
From the convergence of Mukai Spectral Sequence 8.2 for E,
0→ Ψ̂0Ψ2(E)→ Ψ̂2Ψ1(E)→ F→ 0
is a short exact sequence in Coh(X). Here F is a subobject of E and so F ∈ HNµℓX,−DX((−∞, 0]).
By applying the functor HomX(E
∗
X×{y},−), we obtain the exact sequence
0→ HomX(E∗X×{y}, Ψ̂0Ψ2(E))→ HomX(E∗X×{y}, Ψ̂2Ψ1(E)) → HomX(E∗X×{y}, F)→ · · · .
Here F ∈ HNµℓX,−DX((−∞, 0]), and by Proposition 6.10–(i), Ψ̂0Ψ2 is also in HNµℓX,−DX((−∞, 0]).
Therefore, HomX(E
∗
X×{y}, F) 6= 0 or HomX(E∗X×{y}, Ψ̂0Ψ2(E)) 6= 0 for at most a finite number
of points y ∈ Y. Therefore, from Lemma 2.29, Ψ1(E) is a reflexive sheaf. 
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For any positive integer s, the semihomogeneous bundle
̂O
Ŷ
(sHŶ) = Φ
Ŷ→Y
P (OŶ(sHŶ))
is slope stable on Y. In the rest of this section we abuse notation to write ̂O
Ŷ
(sHŶ) for the
functor ̂O
Ŷ
(sHŶ)⊗ (−).
Proposition 8.4. Let En ∈ HNµℓY ,DY ([0,+∞)), n ∈ Z>0 be a sequence of coherent sheaves
on Y. For any s > 0 there is N(s) > 0 such that for any n > N(s) we have ̂O
Ŷ
(sHŶ)En ∈
VΨ̂
Coh(X)
(3). Then µ+ℓY ,DY (En)→ 0 as n→ +∞.
Proof. Let s be a positive integer. Let us prove that for n > N(s) we have ̂O
Ŷ
(sHŶ)En ∈
HNµℓY ,DY ((−∞, 0]). From the Harder-Narasimhan property there exists T ∈ HNµℓY ,DY ((0,+∞])
and F ∈ HNµℓY ,DY ((−∞, 0]) such that
0→ T → ̂O
Ŷ
(sHŶ)En → F→ 0
is a short exact sequence in Coh(Y). By applying the Fourier-Mukai transform Ψ̂ and con-
sidering the long exact sequence of Coh(X)-cohomologies, we obtain T ∈ VΨ̂
Coh(X)(2) and
F ∈ VΨ̂
Coh(X)
(1, 3). Moreover, Ψ̂2(T) ∼= Ψ̂1(F). Hence, from the convergence of Mukai Spectral
Sequence 8.2, T ∼= Ψ1Ψ̂2(T) ∼= Ψ1Ψ̂1(F) = 0. Therefore ̂OŶ(sHŶ)En
∼= F ∈ HNµℓY ,DY ((−∞, 0]).
We have ̂O
Ŷ
(sHŶ) is slope stable with µℓY ,0 = −k/s for some constant k > 0. Hence, for
n > N(s)
En ∈ HNµℓY ,DY ([0,k/s]).
Therefore, the claim follows by considering large enough s. 
Let s be a positive integer. Consider the Fourier-Mukai functor from Db(X) to Db(X)
defined by
Π = Ψ̂ ◦ ̂O
Ŷ
(sHŶ) ◦ Ψ[3].
Then Πi(Ox) = 0 for i 6= 0 and Π0(Ox) is a semistable semihomogeneous bundle on X. Define
the Fourier-Mukai functor
Π̂ = Ψ̂ ◦ ̂O
Ŷ
(sHŶ)
∗ ◦ Ψ.
One can see Π̂[3] is right and left adjoint to Π (and vice versa). We have Π̂i(Ox) = 0 for i 6= 0,
and Π̂0(Ox) is a semistable semihomogeneous bundle on X. Therefore, Π is a Fourier-Mukai
functor with kernel a locally free sheaf U on X× X.
We have the spectral sequence
(13) Ψ̂p
(
̂O
Ŷ
(sHŶ) Ψ
q(E)
)
=⇒ Πp+q−3(E)
for E.
Proposition 8.5. Let E ∈ Coh1(X). Then µ+ℓY ,DY (Ψ1(E(−nHX))) → 0 as n→ +∞.
Proof. Since E ∈ Coh1(X), for sufficiently large n ∈ Z>0, we have E(−nHX) ∈ VΨCoh(Y)(1). By
Proposition 6.11, Ψ1(E(−nHX)) ∈ HNµℓY ,DY ((0,+∞)). Let s be a positive integer. Consider
the convergence of the Spectral Sequence (13) for E(−nHX). For large enough n ∈ Z>0, we
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also have E(−nHX) ∈ VΠCoh(X)(1). Therefore, ̂OŶ(sHŶ)Ψ1(E(−nHX)) ∈ VΨ̂Coh(X)(3), and so the
claim follows from Proposition 8.4. 
Proposition 8.6. Let E be a reflexive sheaf. Then for sufficiently large n ∈ Z>0,
(i) E(−nHX) ∈ VΨCoh(Y)(2, 3), and
(ii) Ψ2(E(−nHX)) ∈ Ψ0(T0) for some T0 ∈ Coh0(X).
Proof. (i) Consider a minimal locally free resolution of E:
0→ F2 → F1 → E→ 0.
By applying the Fourier-Mukai transform Ψ ◦ OX(−nHX) for sufficiently large n ∈ Z>0, we
obtain E(−nHX) ∈ VΨCoh(Y)(2, 3) as required.
(ii) Since E is a reflexive sheaf, there is a locally free sheaf P and a torsion free sheaf Q such
that
0→ E→ P → Q→ 0
is a short exact sequence in Coh(X) (see Lemma 2.28–(2)). By applying the Fourier-Mukai
transform Ψ ◦ OX(−nHX) for sufficiently large n we have Ψ2(E(−nHX)) ∼= Ψ1(Q(−nHX)).
The torsion free sheaf Q fits into the short exact sequence 0→ Q→ Q∗∗ → T → 0 for some
T ∈ Coh61(X). Apply the Fourier-Mukai transform Ψ◦OX(−nHX) for sufficiently large n and
consider the long exact sequence of Coh(Y)-cohomologies. Since Q∗∗(−nHX) ∈ VΨCoh(Y)(2, 3),
we have Ψ1(Q(−nHX)) ∼= Ψ
0(T(−nHX)). The torsion sheaf T ∈ Coh61(X) fits into short
exact sequence 0 → T0 → T → T1 → 0 in Coh(X) for Ti ∈ Cohi(X), i = 0, 1. Therefore,
Ψ0(T(−nHX)) ∼= Ψ
0(T0), and so Ψ
2(E(−nHX)) ∼= Ψ
0(T0) as required. 
Proposition 8.7. Let E ∈ Coh1(X) with E ∈ VΨCoh(Y)(1). If 0 6= T ∈ HNµℓY ,DY ([0,+∞]) is a
subsheaf of Ψ1(E) then ℓY ch
DY
2 (T) 6 0.
Proof. Recall Note6.2; choose x ∈ X such that dim(Supp(E) ∩ HX,x) 6 0. Then for n ∈ Z>0,
we have the short exact sequence
0→ E(−nHX,x)→ E→ T0 → 0
in Coh(X), where T0 = E|nHX,x ∈ Coh0(X).
By applying the Fourier-Mukai transform Ψ we get the following commutative diagram for
some A ∈ HNµℓY ,DY ([0,+∞]).
0 // Ψ0(T0) // Ψ
1(E(−nHX,x)) // Ψ
1(E) // 0
0 // Ψ0(T0) // A //
?
OO
T //
?
OO
0
For k = 1, 2, 3, we have chDYk (Ψ
0(T0)) = 0; so ch
DY
k (A) = ch
DY
k (T).
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Let G be a slope semistable Harder-Narasimhan factor of A. Then, from the usual
Bogomolov-Gieseker inequality, we have
2ℓY ch
DY
2 (G) 6
(
ℓ2Y ch
DY
1 (G)
)2
ℓ3Y ch
DY
0 (G)
6 ℓ2Y ch
DY
1 (A) µℓY ,DY (G)
6 ℓ2Y ch
DY
1 (T) µ
+
ℓY ,DY
(Ψ1(E(−nHX,x))).
Let
c0 = min{2ℓY ch
DY
2 (F) > 0 : F ∈ Coh(Y)}.
By Proposition 8.5, µ+ℓY ,DY (Ψ
1(E(−nHX,x))) → 0 as n → +∞. So choose large enough
n ∈ Z>0 such that
ℓ2Y ch
DY
1 (T) µ
+
ℓY ,DY
(Ψ1(E(−nHX,x))) < c0;
hence, we have ℓY ch
DY
2 (G) 6 0. Therefore, ℓY ch
DY
2 (T) = ℓY ch
DY
2 (A) 6 0. 
Proposition 8.8. Let E be a reflexive sheaf on X. Therefore, dimSing(E) 6 0, and so for
generic x ∈ X we have Sing(E) ∩HX,x = ∅.
Let m be any positive integer. For large enough n ∈ Z>0,
E(−nHX)|mHX,x ∈ VΨCoh(Y)(2).
Proof. The dual sheaf E∗ is also reflexive (Lemma 2.28–(4)). Consider a minimal locally free
resolution of E∗:
0→ G→ F→ E∗ → 0.
By applying the dualizing functor RHom(−,OX) to this short exact sequence, we get the
following long exact sequence in Coh(X):
0→ E→ F∗ → G∗ → Ext1(E∗,OX)→ 0.
Let Q = coker(E→ F∗). Since E is reflexive,
Sing(E) = Sing(E∗) = Supp(Ext1(E∗,OX)).
By choice Sing(E) ∩ HX,x = ∅, and so from the short exact sequence 0 → Q → G∗ →
Ext1(E∗,OX)→ 0, Q|mHX,x ∼= G∗|mHX,x. So we have the short exact sequence
0→ E|mHX,x → F∗|mHX,x → G∗|mHX,x → 0
in Coh(X). Since F∗ and G∗ are locally free, for large enough n ∈ Z>0 we have
F∗(−nHX)|mHX,x,G
∗(−nHX)|mHX,x ∈ VΨCoh(Y)(2),
and so E(−nHX)|mHX,x ∈ VΨCoh(Y)(2). 
Proposition 8.9. We have the following:
(i) Let E ∈ HNµℓX,−DX((−∞, 0]) be a reflexive sheaf. If T ∈ HNµℓY ,DY ([0,+∞]) is a non-
trivial subsheaf of Ψ1(E) then ℓY ch
DY
2 (T) 6 0.
(ii) Let E ∈ HNµℓX,−DX((0,+∞]) be a torsion free sheaf. If F ∈ HNµℓY ,DY ((−∞, 0]) is a
non-trivial quotient of Ψ2(E) then ℓY ch
DY
2 (F) 6 0.
Proof. (i) Since E is reflexive, dimSing(E) 6 0. Choose x, x ′ ∈ X such that
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• dim(HX,x ∩HX,x ′) = 1,
• Sing(E) ∩HX,x = ∅, and
• Sing(E) ∩HX,x ′ = ∅.
Since E is a reflexive sheaf, Proposition 8.6–(i) implies, for sufficiently large m ∈ Z>0,
E(−mHX,x) ∈ VΨCoh(Y)(2, 3). By applying the Fourier-Mukai transform Ψ to the short exact
sequence
0→ E(−mHX,x)→ E→ E|mHX,x → 0
in Coh(X) and then considering the long exact sequence of Coh(Y)-cohomologies, we have
E|mHX,x ∈ VΨCoh(Y)(1, 2) and Ψ1(E) →֒ Ψ1 (E|mDx). By Proposition 8.8, for large enough
n ∈ Z>0, E(−nHX)|mHX,x ∈ VΨCoh(Y)(2). By applying the Fourier-Mukai transform Ψ to the
short exact sequence
0→ E(−nHX,x ′)|mDx → E|mDx → E|mHX,x∩nHX,x ′ → 0
in Coh(X) and then considering the long exact sequence of Coh(Y)-cohomologies, we get
E|mHX,x∩nHX,x ′ ∈ VΨCoh(Y)(1) and Ψ1
(
E|mHX,x
) →֒ Ψ1 (E|mHX,x∩nHX,x ′). Therefore, we have
T →֒ Ψ1(E) →֒ Ψ1 (E|mHX,x) →֒ Ψ1 (E|mHX,x∩nHX,x ′) .
The claim follows from Proposition 8.7.
(ii) Since F 6= 0 is a quotient of Ψ2(E), we have F∗ →֒ (Ψ2(E))∗. Here F∗ ∈ HNµℓY ,−DY ([0,+∞))
fits into short exact sequence 0→ T → F∗ → F0 → 0 in Coh(Y) for some T ∈ HNµℓY ,−DY ((0,+∞))
and F0 ∈ HNµℓY ,−DY (0). By the usual Bogomolov-Gieseker inequality ℓY ch
−DY
2 (F0) 6 0.
Let
Ψ˜ := ΦX→Y
E∨
: Db(X)→ Db(Y).
By Proposition 6.8, Ψ3(E) = 0 = Ψ˜0(E∗).
Consider the co-convergence of the “Duality” Spectral Sequence 3.8 for E and the following
diagram describes its second page.
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p
q
Di(G)=Exti(G,O)
(Ψ2(E))∗ D1(Ψ2(E)) D2(Ψ2(E)) D3(Ψ2(E))
(Ψ1(E))∗ D1(Ψ1(E)) D2(Ψ1(E)) D3(Ψ1(E))
(Ψ0(E))∗ D1(Ψ0(E))
Ψ˜1(E∗) Ψ˜2(E∗) Ψ˜3(E∗)
Ψ˜0(D1(E)) Ψ˜1(D1(E))
Ψ˜0(D2(E))
We have the short exact sequence
0→ Ψ˜1(E∗)→ (Ψ2(E))∗ → P → 0
in Coh(Y), for some subsheaf P of Ψ˜0(Ext1(E,OX)). By Proposition 6.10–(i), Ψ˜
0(Ext1(E,OX)) ∈
HNµℓY ,−DY ((−∞, 0]) and so P ∈ HNµℓY ,−DY ((−∞, 0]). Therefore, HomY(T ,P) = 0, and so
T →֒ Ψ˜1(E∗). Here E∗ ∈ HNµℓY ,DX((−∞, 0)) and so by part (i), ℓY ch−DY2 (T) 6 0. Therefore,
ℓY ch
DY
2 (F) 6 ℓY ch
DY
2 (F
∗∗) = ℓY ch
−DY
2 (F
∗) = ℓY ch
−DY
2 (F0) + ℓY ch
−DY
2 (T) 6 0
as required. 
Proposition 8.10. For E ∈ Coh(X), we have the following:
(i) If E ∈ HNµℓX,−DX((−∞, 0]) then Ψ1(E) ∈ HNµℓY ,DY ((−∞, 0]), and
(ii) If E ∈ HNµℓX,−DX([0,+∞)) with Ψ3(E) = 0 then Ψ2(E) ∈ HNµℓY ,DY ([0,+∞]).
Proof. (i) Assume the opposite for a contradiction. From the Harder-Narasimhan filtration
of Ψ1(E) there exists T ∈ HNµℓY ,DY ((0,+∞]) and F ∈ HNµℓY ,DY ((−∞, 0]) such that
(14) 0→ T → Ψ1(E)→ F→ 0
is a short exact sequence in Coh(Y). By Proposition 6.7–(ii), Ψ1(E) is reflexive. Therefore,
(15) ℓY ch
DY
1 (T) > 0.
By Lemma 2.28–(2) there exists a locally free sheaf G1 such that Ψ
1(E) is a subsheaf of it
with a torsion free quotient sheaf G1/Ψ
1(E). Hence, T is a a subsheaf of G1 with a torsion
free quotient sheaf. Therefore, again by Lemma 2.28–(2), T is a reflexive sheaf.
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By applying the functor RHom(−,OY) to the short exact sequence (14), we obtain the
long exact sequence:
0→ F∗ → (Ψ1(E))∗ → T∗ → Ext1(F,OY)→ Ext1(Ψ1(E),OY)→ Ext1(T ,OY)→ Ext2(F,OY)→ 0.
Since Ψ1(E) and T are reflexive, Ext1(Ψ1(E),OY),Ext
1(T ,OY) ∈ Coh0(Y), and so
Ext1(F,OY),Ext
2(F,OY) ∈ Coh0(Y).
Therefore F fits into the short exact sequence
0→ F→ F∗∗ → R→ 0
for some R ∈ Coh0(Y). By applying the Fourier-Mukai transform Ψ̂, we get the short exact
sequence
0→ Ψ̂0(R)→ Ψ̂1(F)→ Ψ̂1(F∗∗)→ 0.
From the Harder-Narasimhan filtration, let T1 be the subsheaf of Ψ̂
1(F∗∗) in HNµℓX,−DX((0,+∞])
with the quotient F1 ∈ HNµℓX,−DX((−∞, 0]). Then Ψ̂1(F) has a subsheaf T2 ∈ HNµℓX,−DX([0,+∞])
with quotient F1. Here T2 fits into the short exact sequence
0→ Ψ̂0(R)→ T2 → T1 → 0.
From Proposition 8.9–(i), ℓX ch
−DX
2 (T1) 6 0, and since ch
−DX
2 (Ψ̂
0(R)) = 0,
ℓX ch
−DX
2 (T2) 6 0.
By applying the Fourier-Mukai transform Ψ̂ to the short exact sequence (14), we obtain
that T ∈ VΨ̂
Coh(X)(2) and F ∈ VΨ̂Coh(X)(1, 2, 3). Moreover, we have the short exact sequence
0→ Ψ̂1(F)→ Ψ̂2(T)→ E1 → 0
in Coh(X) for some subsheaf E1 of Ψ̂
2Ψ1(E). From the Mukai Spectral Sequence 8.2 for E, we
have the short exact sequence
0→ Ψ̂0Ψ2(E)→ Ψ̂2Ψ1(E)→ E2 → 0
in Coh(X) for some subsheaf E2 of E. Therefore, E2 ∈ HNµℓX,−DX((−∞, 0]). By Proposi-
tion 6.10–(i), Ψ̂0Ψ2(E) ∈ HNµℓX,−DX((−∞, 0]). So we have Ψ̂2Ψ1(E) ∈ HNµℓX,−DX((−∞, 0]).
Hence, E1 ∈ HNµℓX,−DX((−∞, 0]).
So we have the following commutative diagram for some F2 ∈ HNµℓX,−DX((−∞, 0]).
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0 0
0 // F1 //
OO
F2 //
OO
E1 // 0
0 // Ψ̂1(F) //
OO
Ψ̂2(T) //
OO
E1 // 0
T2
OO
T2
OO
0
OO
0
OO
By Proposition 8.9–(ii), ℓX ch
−DX
2 (F2) 6 0. Therefore,
ℓX ch
−DX
2 (Ψ̂
2(T)) = ℓX ch
−DX
2 (T2) + ℓX ch
−DX
2 (F2) 6 0.
So from Theorem 3.6, ℓY ch
DY
2 (T) 6 0; but this is not possible as we have (15). This is the
required contradiction.
(ii) Let Ψ˜ := ΦX→Y
E∨
. Since E∗ ∈ HNµℓX,DX((−∞, 0]), from (i) Ψ˜1(E∗) ∈ HNµℓY ,−DY ((−∞, 0]).
By the co-convergence of the “Duality” Spectral Sequence 3.8 for E, we have (Ψ2(E))∗ ∈
HNµℓY ,−DY ((−∞, 0]). So Ψ2(E) ∈ HNµℓY ,DY ([0,+∞]) as required. 
Proposition 8.11. Let E ∈ HNµℓX,−DX((0,+∞]). Then Ψ2(E) ∈ HNµℓY ,DY ((0,+∞]).
Proof. From the Harder-Narasimhan filtration of Ψ2(E), there exist T ∈ HNµℓY ,DY ((0,+∞])
and F ∈ HNµℓY ,DY ((−∞, 0]) such that 0 → T → Ψ2(E) → F → 0 is a short exact sequence in
Coh(Y). Now we need to show F = 0. Apply the Fourier-Mukai transform Ψ̂ and consider the
long exact sequence of Coh(X)-cohomologies. So we have F ∈ VΨ̂
Coh(X)(1) and
0→ Ψ̂1(T)→ Ψ̂1Ψ2(E)→ Ψ̂1(F)→ Ψ̂2(T)→ 0
is a long exact sequence in Coh(X). From the convergence of the Mukai Spectral Sequence 8.2
for E, we have the short exact sequence
0→ Q→ Ψ̂1Ψ2(E)→ Ψ̂3Ψ1(E)→ 0
in Coh(Y), whereQ is a quotient of E. ThenQ ∈ HNµℓX,−DX((0,+∞]) and by Proposition 6.11,
Ψ̂3Ψ1(E) ∈ HNµℓX,−DX((0,+∞]); so Ψ̂1Ψ2(E) ∈ HNµℓX,−DX((0,+∞]). On the other hand, by
Proposition 8.10–(i), Ψ̂1(F) ∈ HNµℓX,−DX((−∞, 0]). So the map Ψ̂1Ψ2(E) → Ψ̂1(F) is zero and
Ψ̂1(F) ∼= Ψ̂2(T). Hence, F ∼= Ψ2Ψ̂1(F) ∼= Ψ2Ψ̂2(T) = 0 as required. 
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9. Further Properties of Slope Stability under FM Transforms
9.1. Some slope bounds of the FM transformed sheaves. Recall that Ψ is the Fourier-
Mukai transform ΦX→YE : D
b(X)→ Db(Y) between the abelian threefolds such that
ch(E{x}×Y) = r e
DY , and ch(EX×{y}) = r e
DX .
Also ℓX ∈ NSQ(X), ℓY ∈ NSQ(Y) are some ample classes such that
e−DY ΦHE e
−DX(eℓX) = (r ℓ3X/3!) e
−ℓY ,
with (ℓ3X/3!)(ℓ
3
Y/3!) = 1/r
2. Moreover, Theorem 3.6 says, if we consider v−DX,ℓX , vDY ,ℓY as
column vectors, then
vDY ,ℓY (ΦX→YE (E)) =
3!
r ℓ3X
Adiag (1,−1, 1,−1) v−DX,ℓX(E).
Here the vector vB,ℓX(E) is defined by
vB,ℓX(E) =
(
v
B,ℓX
0 (E), v
B,ℓX
1 (E), v
B,ℓX
2 (E), v
B,ℓX
3 (E)
)
.
Proposition 9.1. For λ ∈ Q>0,
(i) if E ∈ HNµℓX,−DX((0, λ]) then Ψ0(E) ∈ HN
µ
ℓY ,DY
((−∞,− 1
λ
]),
(ii) if E ∈ HNµℓX,−DX([−λ, 0]) then Ψ3(E) ∈ HN
µ
ℓY ,DY
([ 1
λ
,+∞]).
Proof. (i) Let E ∈ HNµℓX,−DX((0, λ]).
Let Z be the fine moduli space of simple semihomogeneous bundles E on X with c1(E)/ rk(E) =
DX − λℓX. Then there is some fixed r
′ ∈ Z>0 such that
r ′ = rk(E)
for such E. Due to Mukai and Orlov, Z is an abelian threefold. Let F be the associated
universal bundle on Z× X; so by Lemma 2.24–(1) we have
ch(F{z}×X) = r
′ eDX−λℓX .
Let
Π := ΦX→ZF : D
b(X)→ Db(Z)
be the corresponding Fourier-Mukai transform from Db(X) to Db(Z) with kernel F. Then its
quasi inverse is given by ΦZ→X
F∨
[3]. Again, by Lemma 2.24–(2)
ch(FZ×{x}) = r
′ eDZ
for some DZ ∈ NSQ(Z). Similar to the Fourier-Mukai transform Ψ in Section 3, there exists
an ample class ℓZ ∈ NSQ(Z) such that
e−DZ ΠH e−DX+λℓX(eℓX) = (r ′ ℓ3X/3!) e
−ℓZ ,
with (ℓ3X/3!)(ℓ
3
Z/3!) = 1/r
′2 (Theorem 3.3). Moreover, Theorem 3.6 says,
vDZ,ℓZ (Π(E)) =
3!
r ′ ℓ3X
Adiag (1,−1, 1,−1) v−DX+λℓX,ℓX(E).
Let Ξ : Db(Y) → Db(Z) be the Fourier-Mukai transform defined by
Ξ := Π ◦ Ψ̂[3].
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We have Ψ̂(Oy) = E
∗
X×{y} is a stable semihomogeneous bundle in HN
µ
ℓX,−DX
(0) = HNµℓX,−DX+λℓX(−λ).
Therefore the image Ξ(Oy) = Π(E
∗
X×{y}[3]) of the skyscraper sheaf Oy is also a stable semi-
homogeneous bundle on Z. Hence, Ξ is a Fourier-Mukai transform ΦY→ZG with kernel G on
Y × Z such that
G{y}×Z = Ξ(Oy) = Π(E
∗
X×{y}[3]).
From Theorem 3.3 and Lemma 2.28, there is r ′′ > 0 such that
ch(G{y}×Z) = r
′′eDZ+
1
λℓZ ,
ch(G∗Y×{z}) = r
′′eDY−
1
λ ℓY .
The isomorphism Ξ ◦ Ψ ∼= Π gives us the convergence of the spectral sequence:
(16) Ep,q2 = Ξ
pΨq(E) =⇒ Πp+q(E)
for E.
Since E ∈ HNµℓX,−DX+λℓX((−λ, 0]), from Proposition 6.8–(iii),
Π0(E) = 0.
Now from the convergence of the above spectral sequence (16), Ξ0Ψ0(E) = 0 and
Ξ1Ψ0(E) →֒ Π1(E).
By Proposition 8.10–(i), Π1(E) ∈ HNµℓZ,DZ((−∞, 0]). Since we have HNµℓZ,DZ((−∞, 0]) ⊂
HNµ
ℓZ,DZ+
1
λℓZ
((−∞, 0]),
(17) Ξ1Ψ0(E) ∈ HNµ
ℓZ,DZ+
1
λ ℓZ
((−∞, 0]).
From the Harder-Narasimhan filtration property, Ψ0(E) ∈ HNµℓY ,DY ((−∞, 0]) fits into the
short exact sequence
(18) 0→ F→ Ψ0(E)→ G→ 0
in Coh(Y) for some F ∈ HNµℓY ,DY ((− 1λ , 0]) and G ∈ HN
µ
ℓY ,DY
((−∞,− 1λ ]). Assume F 6= 0 for a
contradiction. Then we can write vDY ,ℓY (F) = (a0,µa0,a2,a3) with
0 > µ > −
1
λ
.
By applying the Fourier-Mukai transform Ψ̂ to short exact sequence (18) we have the
following exact sequence in Coh(X):
0→ Ψ̂1(G)→ Ψ̂2(F)→ Ψ̂2Ψ0(E)→ · · · .
By Mukai Spectral Sequence 8.2, Ψ̂2Ψ0(E) ∼= Ψ̂0Ψ1(E) and so by Proposition 6.10–(i), it is in
HNµℓX,−DX((−∞, 0]). Also by Proposition 8.10–(i), Ψ̂1(G) ∈ HNµℓX,−DX((−∞, 0]). Therefore,
Ψ̂2(F) ∈ HNµℓX,−DX((−∞, 0]). By Proposition 6.11, Ψ̂3(F) ∈ HNµℓX,−DX((0,+∞]). Therefore,
we have v−DX,ℓX1 (Ψ̂(F)) = ℓ
2
X ch
−DX
1 (Ψ̂(F)) 6 0, and so from Theorem 3.6
a2 > 0.
Since Ξ0(F) →֒ Ξ0Ψ0(E) = 0, we have Ξ0(F) = 0. Moreover, since
F ∈ HNµℓY ,DY ((−
1
λ
, 0]) = HNµ
ℓY ,DY−
1
λℓY
((0,
1
λ
]),
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from Proposition 6.8–(i) we have
Ξ3(F) = 0.
Apply the Fourier-Mukai transform Ξ to short exact sequence (18) and consider the long exact
sequence of Coh(Z)-cohomologies:
0→ Ξ0(G)→ Ξ1(F)→ Ξ1Ψ0(E)→ · · · .
By (17), Ξ1Ψ0(E) ∈ HNµ
ℓZ,DZ+
1
λℓZ
((−∞, 0]), and by Proposition 6.10–(i), Ξ0(G) ∈ HNµ
ℓZ,DZ+
1
λ ℓZ
((−∞, 0]).
Therefore, Ξ1(F) ∈ HNµ
ℓZ,DZ+
1
λ ℓZ
((−∞, 0]). By Proposition 8.11, Ξ2(F) ∈ HNµ
ℓZ,DZ+
1
λℓZ
((0,+∞]).
So
(19) v
DZ+
1
λℓZ,ℓZ
1 (Ξ(F)) > 0.
On the other hand, we have
vDZ+
1
λ ℓZ,ℓZ(Ξ(F))
=
3!
r ′′ℓ3Y


1
−1
1
−1

 vDY− 1λ ℓY ,ℓY (F)
=
3!
r ′′ℓ3Y


1
−1
1
−1




1
1
λ 1
1
λ2
1
λ 1
1
λ3
1
λ2
1
λ 1

 vDY ,ℓY (F)
=
3!
r ′′ℓ3Y


∗ ∗ ∗ ∗
−1/λ2 −1/λ −1 0
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗




a0
µa0
a2
a3


=
3!
r ′′ℓ3Y
(
∗,−a0
λ
(
µ +
1
λ
)
− a2, ∗, ∗
)
.
Here a0 > 0,
(
µ+ 1λ
)
> 0, a2 > 0 and so v
DZ+
1
λℓZ,ℓZ
1 (Ξ(F)) < 0. This contradicts with (19).
(ii) Let E ∈ HNµℓX,−DX([−λ, 0]) for some λ ∈ Q>0.
Let Ψ˜ := ΦX→Y
E∨
. From the co-convergence of the “Duality” Spectral Sequence 3.8 for E we
have (
Ψ3(E)
)∗ ∼= Ψ˜0(E∗).
We have E∗ ∈ HNµℓX,DX([0, λ]). So by Proposition 6.8–(iii) and part (i), we have Ψ˜0(E∗) ∈
HNµℓY ,−DY ((−∞,− 1λ ]). Therefore, Ψ3(E) ∈ HNµℓY ,DY ([ 1λ ,+∞]) as required. 
9.2. Images of the first tilted hearts under the FM transforms. Let us recall the
first tilting associated to numerical parameters of Theorem 5.3 involving the Fourier-Mukai
transform Ψ : Db(X)→ Db(Y).
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Notation 9.2. The subcategories
FX1 = HN
µ
ℓX,−DX+
λℓX
2
((−∞, 0]) = HNµℓX,−DX((−∞, λ2 ]),
TX1 = HN
µ
ℓX,−DX+
λℓX
2
((0,+∞]) = HNµℓX,−DX((λ2 ,∞])
of Coh(X) forms a torsion pair, and the corresponding tilted category is
BX = 〈FX1 [1],TX1 〉.
Similarly, the subcategories
FY1 = HN
µ
ℓY ,DY−
ℓY
2λ
((−∞, 0]) = HNµℓY ,DY ((−∞,− 12λ ]),
TY1 = HN
µ
ℓY ,DY−
ℓY
2λ
((0,+∞]) = HNµℓY ,DY ((− 12λ ,+∞])
of Coh(Y) forms a torsion pair, and the corresponding tilted category is
BY = 〈FY1 [1],TY1 〉.
Theorem 9.3. We have the following:
(i) Ψ (BX) ⊂ 〈BY ,BY [−1],BY [−2]〉, and
(ii) Ψ̂[1] (BY) ⊂ 〈BX,BX[−1],BX[−2]〉.
Proof. (i) We can visualize BX and BY as follows:
B
A
−1 0
BX = 〈FX1 [1],TX1 〉 :
A∈TX1 =HNµℓX,−DX((
λ
2
,+∞])
B∈FX1 =HNµℓX,−DX((−∞, λ2 ])
D
C
−1 0
BY = 〈FY1 [1],TY1 〉 :
C∈TY1 =HNµℓY ,DY ((−
1
2λ ,+∞])
D∈FY1=HNµℓY ,DY ((−∞,− 12λ ])
If E ∈ FX1 = HNµℓX,−DX((−∞, λ2 ]) then by Propositions 6.8–(iii) and 9.1–(i), Ψ0(E) ∈
FY1 . Also by Proposition 6.11, Ψ
3(E) ∈ HNµℓY ,DY ((0,+∞]) ⊂ TY1 . Therefore, Ψ(E) has BY-
cohomologies in 1,2,3 positions. That is
Ψ (FX1 [1]) ⊂ 〈BY ,BY [−1],BY [−2]〉.
Ψ0(B)
Ψ1(B) Ψ2(B)
Ψ3(B)
−1 0 1 2 3
B
−1 0
Ψ =
On the other hand, if TX1 = HN
µ
ℓX,−DX
((λ
2
,+∞]) then by Proposition 6.8–(i), Ψ3(E) = 0,
and by Proposition 8.11, Ψ2(E) ∈ HNµℓY ,DY ((0,+∞]) ⊂ TY1 . So Ψ(E) has BY-cohomologies in
positions 0,1,2 only. That is
Ψ (TX1 ) ⊂ 〈BY ,BY [−1],BY [−2]〉.
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Ψ0(A) Ψ1(A)
Ψ2(A)
−1 0 1 2 3
A
−1 0
Ψ =
Hence, Ψ (BX) ⊂ 〈BY ,BY [−1],BY [−2]〉 as BX = 〈FX1 ,TX1 〉.
(ii) We can use Propositions 6.8–(iii), 6.10–(i), 6.8–(i) and 9.1–(ii) in a similar way to the
above proof. 
10. Some Stable Reflexive Sheaves on Abelian Threefolds
In this section we shall consider slope semistable sheaves with vanishing first and second
parts of the twisted Chern characters. Such sheaves arise as the Coh(X)-cohomology of some
of the tilt-stable objects on X; see Proposition 2.17.
Notation 10.1. Let X be an abelian threefold. Let P be the Poincare´ bundle on X × X̂. We
simply write
Φ = ΦX→X̂P : D
b(X)→ Db(X̂),
Φ̂ = ΦX̂→X
P∨
: Db(X̂)→ Db(X).
Let ℓX ∈ NSQ(X) and ℓX̂ ∈ NSQ(X̂) be the ample classes as in Lemma 2.25 (or equivalently
Theorem 3.3).
First we prove the following:
Lemma 10.2. Let E be a slope semistable sheaf on X with respect to ℓX such that chk(E) = 0
for k = 1, 2. Then E∗∗ is a homogeneous bundle, that is E∗∗ is filtered with quotients from
Pic0(X).
Proof. Any torsion free sheaf E fits into the short exact sequence 0 → E→ E∗∗ → Q → 0 in
Coh(X) for some Q ∈ Coh61(X). If chk(E) = 0 for k = 1, 2 then ℓX ch2(E∗∗) > 0 where the
equality holds when Q ∈ Coh0(X). If E is slope semistable then E∗∗ is also slope semistable,
and so by the usual Bogomolov-Gieseker inequality ℓX ch2(E
∗∗) = 0. Hence, ℓX ch2(Q) = 0,
and so ch2(Q) = 0; that is ch2(E
∗∗) = 0.
Assume the opposite for a contradiction. Then there exists a semistable reflexive sheaf E
with chk(E) = 0 for k = 1, 2, and H
k(X,E ⊗ PX×{x̂}) = 0 for k = 0, 3 and any x̂ ∈ X̂. So we
have Φ0(E) = Φ3(E) = 0. By a result of Simpson (see Lemma 2.30), we have ch3(E) = 0.
Therefore, ch(E) = (r, 0, 0, 0) for some positive integer r.
By Proposition 8.10, Φ1(E) ∈ HNµℓ
X̂
,0((−∞, 0]), and Φ2(E) ∈ HNµℓ
X̂
,0([0,+∞]). So we
have ℓ2
X̂
ch1(Φ
1(E)) 6 0 and ℓ2
X̂
ch1(Φ
2(E)) > 0. Therefore, ℓ2
X̂
ch1(Φ(E)) > 0. Moreover,
since ch2(E) = 0, from Theorem 3.6, we obtain ℓ
2
X̂
ch1(Φ(E)) = 0. Hence, ℓ
2
X̂
ch1(Φ
1(E)) =
ℓ2
X̂
ch1(Φ
2(E)) = 0. So we have
ch(Φ1(E)) = (a,D,−C,d), ch(Φ2(E)) = (a,D,−C,−r + d),
for some a > 0, D ∈ NS(X̂), C ∈ H4alg(X̂,Q) such that ℓ2X̂D = 0 and ℓX̂C > 0. Moreover, we
have Φ1(E) ∈ HNµℓ
X̂
,0(0).
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If Φ̂3Φ1(E) 6= 0 then Φ1(E) fits into a short exact sequence 0 → K1 → Φ1(E) →
P
{x1}×X̂IC1 → 0 in Coh(X̂) for some x1 ∈ X and C1 ∈ H2(X̂,Z). Then K1 ∈ HN
µ
ℓ
X̂
,0(0)
and we have the following exact sequence
· · · → Φ̂3(K1)→ Φ̂3Φ1(E)→ Ox1 → 0
in Coh(X). If Φ̂3(K1) 6= 0 then K1 fits into a short exact sequence 0 → K2 → K1 →
P
{x2}×X̂IC2 → 0 in Coh(X̂). Then K2 ∈ HN
µ
ℓ
X̂
,0(0) and we have the following exact sequence
· · · → Φ̂3(K2)→ Φ̂3(K1)→ Ox2 → 0
in Coh(X). We can continue this process for only a finite number of steps since rk(Φ1(E)) <
+∞, and hence Φ̂3Φ1(E) is filtered by skyscraper sheaves. Moreover, from the convergence
of Mukai Spectral Sequence 8.2 for E, we have the short exact sequence
0→ Φ̂0Φ2(E)→ Φ̂2Φ1(E)→ Q→ 0
in Coh(X), where Q is a subsheaf of E and so Q ∈ HNµℓX,0((−∞, 0]). By Proposition 6.10–
(i), Φ̂0Φ2(E) ∈ HNµℓX,0((−∞, 0]). This implies Φ̂2Φ1(E) ∈ HNµℓX,0((−∞, 0]). Therefore, we
have ℓ2X ch1(Φ̂(Φ
1(E))) 6 0, and so ℓX̂C 6 0. Hence, ℓX̂C = 0. By Proposition 8.3, Φ
1(E)
is a reflexive sheaf and since Φ1(E) ∈ HNµℓ
X̂
,0(0) it is slope semistable. So by Lemma 2.30,
we have D = 0, C = 0 and d = ch3(Φ
1(E)) = 0. Therefore, ch(Φ̂(Φ1(E))) = (0, 0, 0,−a).
Since Φ̂3Φ1(E) ∈ Coh0(X), we have chk(Φ̂2Φ1(E)) = 0 for k = 0, 1, 2. So Φ̂2Φ1(E) ∈
HNµℓX,0((0,+∞]). Therefore, Φ̂2Φ1(E) = 0 and we have the short exact sequence
0→ E→ Φ̂1Φ2(E)→ Φ̂3Φ1(E)→ 0
in Coh(X). Since Φ̂3Φ1(E) ∈ Coh0(X) and E is locally free, Ext1X(Φ̂3Φ1(E),E) = 0. Therefore,
Φ̂1Φ2(E) ∼= E ⊕ Φ̂3Φ1(E). Since Φ̂1Φ2(E) ∈ VΦCoh(Y)(2), we have Φ̂3Φ1(E) = 0 and so
E ∈ VΦ
Coh(Y)(2). Therefore, ch(Φ
2(E)) = (0, 0, 0,−r). But it is not possible to have −r > 0
and this is the required contradiction to complete the proof. 
Then we show the following.
Theorem 10.3. Let E be a slope stable torsion free sheaf of rank r with chBk (E) = 0, k = 1, 2
for some B ∈ NSQ(X). Then E∗∗ is a slope stable semihomogeneous bundle with ch(E∗∗) =
reB.
Proof. The slope stable torsion free sheaf E fits into the short exact sequence 0→ E→ E∗∗ →
T → 0 for some T ∈ Coh61(X). Now E∗∗ is also slope stable and so by the usual Bogomolov-
Gieseker inequality chBk (E
∗∗) = 0 for k = 1, 2. By Lemma 10.2, End(E∗∗) is a homogeneous
bundle. Therefore, by Lemma 2.23, E∗∗ is a slope stable semihomogeneous bundle, and so
from Lemma 2.24–(i) ch(E∗∗) = reB. 
11. Equivalences of Stability Condition Hearts on Abelian Threefolds
Let us recall the second tilting associated to numerical parameters of Theorem 5.3 involving
the Fourier-Mukai transform Ψ : Db(X)→ Db(Y).
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Notation 11.1. The subcategories
FX2 = HN
ν
ℓX,−DX+
λℓX
2
, λ
2
((−∞, 0]),
TX2 = HN
ν
ℓX,−DX+
λℓX
2
, λ
2
((0,+∞])
of BX forms a torsion pair, and the corresponding tilt is
AX = 〈FX2 [1],TX2 〉.
Similarly,
FY2 = HN
ν
ℓY ,DY−
ℓY
2λ ,
1
2λ
((−∞, 0]),
TY2 = HN
ν
ℓY ,DY−
ℓY
2λ ,
1
2λ
((0,+∞])
defines a torsion pair of BY, and the corresponding tilt is
AY = 〈FY2 [1],TY2 〉.
Let us write the complexified ample classes by
Ω = (−DX + λℓX/2) + i
√
3λℓX/2,
Ω ′ = (DY − ℓY/(2λ)) + i
√
3ℓY/(2λ).
We write the corresponding central charge functions simply by
ZΩ = ZℓX,−DX+
λℓX
2
, λ
2
,
ZΩ ′ = ZℓY ,DY−
ℓY
2λ ,
1
2λ
.
It will be convenient to abbreviate the Fourier-Mukai transforms Ψ and Ψ̂[1] by Γ and Γ̂
respectively. That is,
Γ := Ψ = ΦX→YE : D
b(X)→ Db(Y),
Γ̂ := Ψ[1] = ΦY→X
E∨
[1] : Db(Y) → Db(X).
Then by Theorem 9.3, the images of an object from BX (and BY) under Γ (and Γ̂) are complexes
whose cohomologies with respect to BY (and BX) can only be non-zero in 0, 1, 2 positions.
Notation 11.2. In the rest of the paper we write
Γ iB(−) = H
i
BY
(Γ(−)),
Γ̂ iB(−) = H
i
BX
(Γ̂ (−)).
We have Γ ◦ Γ̂ ∼= [−2] and Γ̂ ◦ Γ ∼= [−2]. This gives us the following convergence of spectral
sequences.
Spectral Sequence 11.3.
(1) Ep,q2 = Γ̂
p
BΓ
q
B(E) =⇒ Hp+q−2BX (E), and
(2) Ep,q2 = Γ
p
BΓ̂
q
B(E) =⇒ Hp+q−2BY (E).
Such convergence of the spectral sequences for E ∈ BX and E ∈ BY behave in the same way
as the convergence of the Mukai Spectral Sequence 8.2 for coherent sheaves on an abelian
surface. The following diagram describes the convergence of Spectral Sequence 11.3–(1) for
E ∈ BX.
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p
q
Γ̂2BΓ
0
B(E)
Γ̂0BΓ
1
B(E) Γ̂
2
BΓ
1
B(E)
Γ̂0BΓ
2
B(E)
Γ̂1BΓ
1
B(E)
Proposition 11.4. We have the following:
(1) For E ∈ TY2 , (i) H0(Γ̂2B(E)) = 0, and (ii) if Γ̂2B(E) 6= 0 then ImZΩ(Γ̂2B(E)) > 0.
(2) For E ∈ FY2 , (i) H−1(Γ̂0B(E)) = 0, and (ii) if Γ̂0B(E) 6= 0 then ImZΩ(Γ̂0B(E)) < 0.
(3) For E ∈ TX2 , (i) H0(Γ2B(E)) = 0, and (ii) if Γ2B(E) 6= 0 then ImZΩ ′(Γ2B(E)) > 0.
(4) For E ∈ FX2 , (i) H−1(Γ0B(E)) = 0, and (ii) if Γ0B(E) 6= 0 then ImZΩ ′(Γ0B(E)) < 0.
Proof. (1) Let E ∈ TY2 .
(i) For any x ∈ X,
HomX(Γ̂
2
B(E),Ox)
∼= HomX(Γ̂
2
B(E), Γ̂
2
B(E{x}×Y))
∼= HomX(Γ̂(E), Γ̂ (E{x}×Y))
∼= HomX(E,E{x}×Y) = 0,
since E ∈ TY and E{x}×Y ∈ FY . Therefore, H0(Γ̂2B(E)) = 0 as required.
(ii) From (1)(i), we have Γ̂2B(E)
∼= A[1] for some 0 6= A ∈ HNµℓX,−DX((−∞, λ2 ]). Consider the
convergence of the spectral sequence:
E
p,q
2 = Γ̂
p(Hq(E)) =⇒ Γ̂p+q(E)
for E. By Proposition 2.13–(2), we have H0(E) ∈ HNµℓY ,DY ((0,+∞]) and so by Propositions
8.11 and 6.11,
Ψ̂2(H0(E)), Ψ̂3(H−1(E)) ∈ HNµℓX,−DX((0,+∞]).
Therefore, from the convergence of the above spectral sequence for E, we have
A ∈ HNµℓX,−DX((−∞, λ2 ]) ∩HNµℓX,−DX((0,+∞]) = HNµℓX,−DX((0, λ2 ]).
Let v−DX,ℓX(A) = (a0,a1,a2,a3). From the usual Bogomolov-Gieseker inequalities for all
the Harder-Narasimhan semistable factors of A we have λ
2
a1 − a2 > 0 and so by Proposition
5.2–(1),
ImZΩ(Γ̂
2
B(E)) = ImZΩ(A[1]) =
√
3λ
4
(λa1 − a2) > 0
as required.
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(2) Let E ∈ FY2 .
(i) For any x ∈ X we have
HomX(Γ̂
0
B(E),Ox[1])
∼= HomY(Γ Γ̂
0
B(E), Γ(Ox[1]))
∼= HomY(Γ
2
BΓ̂
0
B(E)[−2],E{x}×Y [1])
∼= HomY(Γ
2
BΓ̂
0
B(E),E{x}×Y [3])
∼= HomY(E{x}×Y , Γ
2
BΓ̂
0
B(E))
∨.
From the convergence of the Spectral Sequence 11.3 for E, we have the short exact sequence
0→ Γ0BΓ̂1B(E)→ Γ2BΓ̂0B(E)→ F→ 0
in BY , where F is a subobject of E and so F ∈ FY . Moreover, by the Harder-Narasimhan
filtration, F fits into the following short exact sequence in BY:
0→ F0 → F→ F1 → 0,
where F0 ∈ HNνℓY ,DY− 12λ ℓY , 12λ (0) and F1 ∈ HN
ν
ℓY ,DY−
1
2λ ℓY ,
1
2λ
((−∞, 0)). Since E{x}×Y ∈ HNνℓY ,DY− 12λ , 12λ (0),
HomY(E{x}×Y , F1) = 0.
Moreover, F0 fits into a filtration with quotients of νℓY ,DY− 12λ ℓY ,
1
2λ
-stable objects F0,i with
νℓY ,DY− 12λ ℓY ,
1
2λ
(F0,i) = 0. By Proposition 2.22, each F0,i fits into a non-splitting short exact
sequence
0→ F0,i →Mi → Ti → 0
in BY for some Ti ∈ Coh0(Y) such thatMi[1] ∈ AY is a minimal object. Moreover, E{x}×Y [1] ∈
AY is a minimal object. So finitely many x ∈ X we can have E{x}×Y ∼= Mi for some i. So
for generic x ∈ X, HomY(E{x}×Y ,Mi) = 0 and so HomY(E{x}×Y , F0,i) = 0 which implies
HomY(E{x}×Y , F0) = 0. Therefore, for generic x ∈ X, HomY(E{x}×Y , F) = 0.
On the other hand,
HomY(E{x}×Y , Γ
0
BΓ̂
1
B(E))
∼= HomY(Γ
0
B(Ox), Γ
0
BΓ̂
1
B(E))
∼= HomY(Γ(Ox), Γ Γ̂
1
B(E))
∼= HomX(Ox, Γ̂
1
B(E)).
Here Γ̂1B(E) fits into the short exact sequence
0→ H−1(Γ̂1B(E))[1] → Γ̂1B(E)→ H0(Γ̂1B(E))→ 0
in BX, where H−1(Γ̂1B(E)) is torsion free and H
0(Γ̂1B(E)) can have torsion supported on a
0-subscheme of finite length. Hence, for generic x ∈ X, HomX(Ox, Γ̂1B(E)) = 0. There-
fore, for generic x ∈ X, we have HomY(E{x}×Y , Γ0BΓ̂1B(E)) = HomY(E{x}×Y , F) = 0. So
HomY(E{x}×Y , Γ2BΓ̂
0
B(E)) = 0. Hence, for generic x ∈ X
HomX(Γ̂
0
B(E),Ox[1]) = 0.
But H−1(Γ̂0B(E)) is torsion free and so H
−1(Γ̂0B(E)) = 0 as required.
(ii) From (2)(i) we have Γ̂0B(E)
∼= A for some non-trivial coherent sheafA ∈ HNµℓX,−DX((λ2 ,+∞]).
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For any x ∈ X we have
Ext1X(Ox,A)
∼= Ext1X(Ox, Γ̂
0
B(E))
∼= HomY(Γ(Ox), Γ Γ̂
0
B(E)[1])
∼= HomY(E{x}×Y , Γ
2
BΓ̂
0
B(E)[−1]) = 0.
So A ∈ Coh>2(X), and if v−DX,ℓX(A) = (a0,a1,a2,a3) then we have a1 > 0.
Apply the Fourier-Mukai transform Γ to Γ̂0B(E). Since Γ̂
0
B(E) ∈ VΓBY (2), Γ2BΓ̂0B(E) ∈ BY has
Coh(Y)-cohomologies:
• Ψ1(A) in position −1, and
• Ψ2(A) in position 0.
So we have A ∈ VΨ
Coh(Y)(1, 2), Ψ
1(A) ∈ HNµℓY ,DY ((−∞,− 12λ ]), and by of Proposition 8.11,
Ψ2(A) ∈ HNµℓY ,DY ((0,+∞]). Therefore, vDY ,ℓY1 (Ψ1(A)) 6 0, vDY ,ℓY1 (Ψ2(A)) > 0, and so
v
DY ,ℓY
1 (Ψ(A)) > 0. Hence, by Theorem 3.6,
a2 = v
−DX,ℓX
2 (A) 6 0.
So
ImZΩ(Γ̂
0
B(E)) = ImZΩ(A) =
√
3λ
4
(a2 − λa1) < 0
as required.
(3) Let E ∈ TX2 .
(i) Similar to the proof of (1)(i).
(ii) From (3)(i), we have Γ2B(E)
∼= A[1] for some coherent sheaf 0 6= A ∈ HNµℓY ,DY ((−∞,− 12λ ]).
Let vDY ,ℓY (A) = (a0,a1,a2,a3). So a1 < 0.
Apply the Fourier-Mukai transform Γ̂ to Γ2B(E). Since Γ
2
B(E) ∈ V Γ̂BX(0), Γ̂0BΓ2B(E) ∈ BX has
Coh(X)-cohomologies:
• Ψ̂1(A) in position −1, and
• Ψ̂2(A) in position 0.
So we have A ∈ VΨ̂
Coh(X)(1, 2), Ψ̂
2(A) ∈ HNµℓX,−DX([λ2 ,+∞]), and by Proposition 8.10–(i),
Ψ̂1(A) ∈ HNµℓX,−DX((−∞, 0]). Therefore, v−DX,ℓX1 (Ψ̂1(A)) 6 0 and v−DX,ℓX1 (Ψ̂2(A)) > 0. So
v
−DX,ℓX
1 (Ψ̂(A)) > 0, and hence, from Theorem 3.6, a2 6 0. Therefore,
ImZΩ ′(Γ
2
B(E)) = ImZΩ ′(A[1]) =
√
3
4λ
(
−a2 −
1
λ
a1
)
> 0
as required.
(4) Let E ∈ FX2 .
(i) Similar to the proof of (2)(i).
(ii) From (4)(i) we have Γ0B(E)
∼= A for some non-trivial coherent sheafA ∈ HNµℓY ,DY ((− 12λ ,+∞]).
Consider the convergence of the spectral sequence for E:
E
p,q
2 = Γ
pHq(E) =⇒ Γp+q(E).
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By Proposition 2.13–(i), we have H−1(E) ∈ HNµℓX,−DX((−∞, 0]), and so by Propositions
8.10-(i) and 6.10–(i),
Ψ1(H−1(E)) ∈ HNµℓY ,DY ((−∞, 0]), and Ψ0(H0(E)) ∈ HNµℓY ,DY ((−∞, 0]).
Therefore, from the convergence of the above spectral sequence for E, we have
A ∈ HNµℓY ,DY ((−
1
2λ
,+∞]) ∩HNµℓY ,DY ((−∞, 0]) = HNµℓY ,DY ((− 12λ , 0]).
Also by Propositions 8.3 and 6.7–(ii), Ψ1(H−1(E)) and Ψ0(H0(E)) are reflexive sheaves, and so
A is reflexive. Let vDY ,ℓY (A) = (a0,a1,a2,a3). By the usual Bogomolov-Gieseker inequalities
for all the Harder-Narasimhan semistable factors of A, we obtain a2 +
1
2λa1 6 0. So we have
ImZΩ ′(Γ
0
B(E)) = ImZΩ ′(Γ
0
B(A)) =
√
3
4λ
(
a2 +
1
λ
a1
)
6 0.
Equality holds when A ∈ HNµℓY ,DY (0) with vDY ,ℓY (A) = (a0, 0, 0, ∗). By considering a Jordan-
Ho¨lder filtration for A together with Theorem 10.3, A is filtered with quotients of sheaves Ki
each of them fits into the short exact sequence
0→ Ki → E{xi}×Y → OZi → 0
in Coh(Y) for some 0-subschemes Zi ⊂ Y. Here Γ0B(E) ∼= A ∈ V Γ̂BX(2) impliesA ∈ VΨCoh(X)(2, 3).
An easy induction on the number of Ki in A shows that A ∈ VΨ̂Coh(X)(1, 3) and so A ∈
VΨ̂
Coh(X)
(3). Therefore, Zi = ∅ for all i and so Γ̂2BΓ0B(E) ∈ Coh0(X). Now consider the conver-
gence of the Spectral Sequence 11.3 for E. We have the short exact sequence
0→ Γ̂0BΓ1B(E)→ Γ̂2BΓ0B(E)→ G→ 0
in BX, where G is a subobject of E and so G ∈ FX2 . Now Γ̂2BΓ0B(E) ∈ Coh0(X) ⊂ TX2 implies G =
0 and so Γ̂0BΓ
1
B(E)
∼= Γ̂2BΓ
0
B(E). Then we have Γ
0
B(E)
∼= Γ0BΓ̂
0
BΓ
1
B(E) = 0. This is not possible as
Γ0B(E) 6= 0. Therefore, we have the strict inequality ImZΩ ′(Γ0B(E)) < 0 as required. 
Lemma 11.5. We have the following:
(1) if E ∈ TY2 then Γ̂2B(E) = 0,
(2) if E ∈ FY2 then Γ̂0B(E) = 0,
(3) if E ∈ TX2 then Γ2B(E) = 0, and
(4) if E ∈ FX2 then Γ0B(E) = 0.
Proof. First let us prove (1). Let E ∈ TY2 . From the convergence of the Spectral Sequence 11.3
for E, we have the short exact sequence
0→ Q→ Γ0BΓ̂2B(E)→ Γ2BΓ̂1B(E)→ 0
in BY . Here Q is a quotient of E and so Q ∈ TY2 . From the Harder-Narasimhan filtration
property Γ0BΓ̂
2
B(E) fits into the short exact sequence
0→ T → Γ0BΓ̂2B(E)→ F→ 0
in BY for some T ∈ TY2 and F ∈ FY2 . Now apply the Fourier-Mukai transform Γ̂ and consider
the long exact sequence of BX-cohomologies. Then we have Γ̂0B(T) = 0, Γ̂
1
B(T)
∼= Γ̂0B(F). By
Proposition 11.4–(2)(ii), ImZΩ(Γ̂
0
B(F)) 6 0 and by Proposition 11.4–(1)(ii), ImZΩ(Γ̂
2
B(T)) >
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0. So ImZΩ(Γ̂(T)) > 0, and by Proposition 5.2–(2), ImZΩ ′(T) 6 0. Since T ∈ TY2 , we have
ImZΩ ′(T) = 0 and v
DY−
1
2λ ℓY ,ℓY
1 (T) = 0. From Lemma 2.11, T
∼= T0 for some T0 ∈ Coh0(Y).
But Coh0(Y) ⊂ V Γ̂BX(0). Hence, T = 0 and so Q = 0. Then Γ0BΓ̂2B(E) ∼= Γ2BΓ̂1B(E) and so we
have Γ̂2B(E)
∼= Γ̂2BΓ
2
BΓ̂
1
B(E) = 0 as required.
Proofs of (2),(3) and (4) are similar to that of (1). 
Proposition 11.6. We have the following:
(1) if E ∈ BY then (i) Γ̂2B(E) ∈ TX2 , and (ii) Γ̂0B(E) ∈ FX2 ;
(2) if E ∈ BX then (i) Γ2B(E) ∈ TY2 , and (ii) Γ0B(E) ∈ FY2 .
Proof. (1) Let E ∈ BY . By the definition of torsion theory Γ̂2B(E) fits into the short exact
sequence
0→ T → Γ̂2B(E)→ F→ 0
in BX for some T ∈ TX2 and F ∈ FX2 . Now apply the Fourier-Mukai transform Γ and consider
the long exact sequence of BY-cohomologies. By Lemma 11.5, Γ iB(F) = 0 for all i, and so
F = 0 as required.
Similarly one can prove Γ̂0B(E) ∈ FX2 .
(2) Similar to the proofs in (1). 
Proposition 11.7. We have the following:
(1) if E ∈ FY2 then Γ̂1B(E) ∈ FX2 ,
(2) if E ∈ TY2 then Γ̂1B(E) ∈ TX2 ,
(3) if E ∈ FX2 then Γ1B(E) ∈ FY2 , and
(4) if E ∈ TX2 then Γ1B(E) ∈ TY2 .
Proof. Let us prove (1). Let E ∈ FY2 . By the definition of torsion theory Γ̂1B(E) fits into the
short exact sequence
0→ T → Γ̂1B(E)→ F→ 0
in BX for some T ∈ TX2 and F ∈ FX2 . Now we need to show T = 0. Apply the Fourier-Mukai
transform Γ and consider the long exact sequence of BY-cohomologies. We get Γ1B(T) →֒
Γ1BΓ̂
1
B(E) and T ∈ VΓBY (1). Also by the convergence of the Spectral Sequence 11.3 for E ∈ FY2 ,
Γ1BΓ̂
1
B(E) is a subobject of E. Hence, Γ
1
B(T) ∈ FY2 implies ImZΩ ′(Γ1B(T)) 6 0. On the
other hand, by Proposition 5.2, ImZΩ ′(Γ
1
B(T)) =
3!
rλ3ℓ3X
ImZΩ(T) > 0 as T ∈ TX2 . Hence,
ImZΩ(T) = 0 and T ∈ TX2 implies v
−DX+
λ
2
ℓX,ℓX
1 (T) = 0. So by Proposition 2.11, T
∼= T0 for
some T0 ∈ Coh0(X). Since any object from Coh0(X) belongs to VΓBY (0), Γ1B(T) = 0. So T = 0
as required.
Proofs of (2), (3) and (4) are similar to that of (1).

From Lemma 11.5, Propositions 11.6 and 11.7 we have
Γ(TX2 ) ⊂ 〈FY2 ,TY2 [−1]〉 = AY [−1]
Γ(FX2 [1]) ⊂ 〈FY2 ,TY2 [−1]〉 = AY [−1]
}
,
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and
Γ̂(TY2 ) ⊂ 〈FX2 ,TX2 [−1]〉 = AX[−1]
Γ̂(FY2 [1]) ⊂ 〈FX2 ,TX2 [−1]〉 = AX[−1]
}
.
Since AX = 〈FX[1],TX〉 and AY = 〈FY [1],TY〉, we have Γ [1](AX) ⊂ AY and Γ̂ [1](AY) ⊂ AX.
Since we have the isomorphisms Γ̂ [1] ◦ Γ [1] ∼= idDb(X) and Γ [1] ◦ Γ̂ [1] ∼= idDb(Y), we deduce the
following.
Theorem 11.8. The Fourier-Mukai transforms Γ , Γ̂ give the equivalences of the double tilted
hearts:
Γ [1] (AX) ∼= AY , and Γ̂ [1] (AY) ∼= AX.
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